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Annotatsiya: Ushbu maqolada Boussinesq tipidagi vaqt bo‘yicha kasr tartibli
subdiffuziya tenglamasi uchun Koshi masalasini  o‘rganilgan va yechimining
mavjudligi va yagonaligi shartlari aniglangan.
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Abstract: In this paper, the Cauchy problem for a Boussinesg-type time-
fractional subdiffusion equation is studied, and the conditions for the existence and
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Kirish
Avytaylik, H separabel Hilbert fazosi bo‘lsin. H da sklayar ko‘paytmani ( -, - )
kabi , normani esa |.| orqgali belgilaymiz. A:H — H operator H Hilbert fazosida

aniqlangan, o‘z-o‘ziga qo‘shma, musbat, chegaralanmagan ixtiyoriy operator bo‘Isin.
Faraz qilaylik, A operator H fazoda to‘la ortonormal {v L} X0s funksiyalar
sistemasiga va ularga mos {A .} musbat xos giymatlar to‘plamiga ega bo‘lsin. Xos
giymatlarni gayta nomerlash orgali ularni kamaymaydigan qilib nomerlab olamiz,
ya'ni, 0< 4 1 < ’125 /13 < ... ko‘rinishda yozib olamiz.

pe€ (1,2) Dberilgan son bo‘lsin. C((a,b) ;H) orqgali giymatlari H da
yotuvchi re€ (a,b) oraligda usluksiz u( t) funksiyalar to‘plamini belgilaylik.

Faraz qilaylik #(t) funksiya [0,0) oraligda aniglangan bo‘lsin. A( ¢)
funksiyaning 1<p <2 oraligda Caputo ma’nosidagi kasr tartibli hosilasi quyidagi
tenglik bilan aniglanadi:
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Masalaning qo‘yilishi va olingan asosiy natijalar

Quyidagi Koshi masalasini gqaraymiz:
DPu(t) + DP(Au(t)) + Au(t) =0, 0<t<T;

u( +0) =g, (2)
u'(+0) =y,
buyerda ¢,y € H, Df’ — p chi tartibli Caputo ma’nosida kasr tartibli hosila.

Ushbu (2) masala Boussinesq tipidagi kasr tartibli hosilali tenglamalar uchun
Koshi masalasi deyiladi.

Ta’rif. Agar u(t) e C((0,T;H) funksiya quyidagi
Dru(t) ,DPA(u(1)),Au(t) € C((0,T];H)  xossalarga  ega bo‘lib, (2)
masalaning barcha shartlarini ganoatlantirsa, u holda u( ) funksiyaga (2) Koshi
masalasining yechimi deyiladi.

(2) masalaning yechimini topish masalasiga zo‘g’ri masala deyiladi.

Teorema. Aytaylik, ¢,we D(A) bo‘lsin. U holda (2) Koshi masalasining
yagona yechimi mavjud va u quyidagi ko‘rinishga ega:

u(t) :Z [(pkEp,l(—uktP) +yfktEp’2(—yktP)] Vi (3)

k=1
bu yerda P W, lar mos ravishda ¢, v  funksiyalarning Furye

koeffitsiyentlari.
Dastlabki ma’lumotlar.
H da A operator quyidagicha aniglanadi

0
Ah:kz_likhkvk ,
bu yerda h, lar he H elementning Furye koeffisientlari. Ushbu operatorning
aniqlanish sohasi quyidagi ko‘rinishga ega bo‘ladi:

p(A) =[heH:Z 22|k, |2< o0 ]
k=1

he D(A) elementning normasi esa quyidagi ko‘rinishda bo‘ladi:
(&)

lall2= 2, 22|k, |>=lAn]>.
k=1
Faraz gilaylik, p>0 va u ixtiyoriy kompleks son bo‘lsin. Ep ﬂ( t) orgali ikki
parametrli  Mittag-Leffler funksiyasini belgilaymiz:
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rn
E (1)= : (4)
P nZ:O I'(pn+p)
Quyida biz Mittag-Leffler fuksiyasining ba’zi baholarini keltirib o’tamiz. Buning

uchun quyidagi Wright funksiyasidan foydalanamiz:

Zk

0,.0.7) = , 0>—1, R,z eC.
$(5.8:2) Z]MIFWMM >_1,feR, z €

Avytaylik, 1 <a <2 bo‘lsin. Professor A.V. Psxu ishlarida [garang [3] ] > 0 da
aniglangan A( t) funksiyalar uchun quyidagi integral almashtirishni aniglab olamiz:

PaPBp(t) =tP- 1/ h(s) q’)(—a,ﬂ;— i)a’s .
ta
0
A.V. Psxu ishidan kelib chiquvchi quyidagi ba’zi lemmalarni keltirib o‘tamiz.

Lemma 1. Aytaylik, y>0 bo‘lsin. U holda

pPa.fry—1l—rar+p-1 F( ]’)
I'(ay+ p)
tenglik o‘rinli bo’ladi.
Lemma 1 dan Mittag-Leffler funksiyasining ta’rifi bo‘yicha quyidagiga ega
bo‘lamiz:
P5=’?[rﬂ— ‘£ () ]:rﬂfw— E e (AP ()
Lemma 2. Faraz gilaylik, 1 <a <2 bo‘lsin. U holda quyidagi baho o‘rinli:

|Ea’1(—t“) <1, t>0.

Lemma 3. Aytaylik, 1 <a <2 bo‘lsin. U holda quyidagi baho o‘rinli:
|Ea (=19 | <1, 1>0.

To‘g’ri masala

Ushbu bo‘limda biz (2) to‘g‘ri masala ni yechishga e’tibor qaratamiz.

Isbot. Yechimning mavjudligi. (2) masalani yechish uchun matematik fizika
masalalrini yechishda eng keng qo‘llaniladigan usullaridan biri Furye usulidan
foydalanamiz. Buning uchun tenglamaning yechimini quyidagi ko‘rinishda izlaymiz:

(9]

u(t)y =D, T (1)v,. (6)
k=1

(6) qatorni (2) masalaning 1-tenglamasiga qo‘yib, ikkinchi va uchinchi
shatrlardan foydalansak, quyidagi Koshi masalasiga kelamiz:

D?T () +pu, T, (1) =0,
\ T, (+0) =y,.
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(7) masalaning yechimi quyidagi ko‘rinishda bo‘ladi (qarang [1]):
r(n=et, 1( _”kﬂ)) Tyl Ep,z( _”krp)
Agar ushbu ifodani (6)-qatorga qo‘ysak, unda formal yechim (3) ni hosil gilamiz.
Ushbu yechimning haqiqiy yechim ekanligini ko‘rsatish uchun, u( ) funksiya
ta’rifdagi barcha shartlarni ganoatlantirishini isbotlash zarur.

Awvalo, (3)-gatorning  tekis  yaginlashuvchi  ekanligini  ko‘rsatamiz.
(3)-gatorning gisman yig‘indisini quyidagicha belgilaymiz:
(D)= Z [(pkEp,l( _”ktp) Tyt E{),Z( _ﬂkﬂ)) ] Vi

k=1
Parseval tengligiga ko’ra
n

k2=1 |¢’<Ep,1( _”kﬂ)) +‘l’kap’2(—,u2tp) |25

n n
< CZ |(pkEp,l(_'uktp) |2_|_ CZ |wktEp,2(_Mktp) |2:S’11+ Sz,
k=1 k=1

bu yerda

n n
Sizckgl |(pkEp,1(_'“ktp) |2, Si=CkZI IwktEp,Z(_‘uktp) |2 .

Si va Si ni baholash uchun mos ravishda Lemma 2 va Lemma 3 dan
foydalanamiz. Shunda:

n n
w=E ot (r = E o
n

n
S'%:Ckz—:l |1pk t Ep,z( —,ukxﬂ) |2g C IQkZ_:I |t,uk|2
Demak, agar @,w € H bo‘lsa, u holda (3) qator yaginlashuvchi bo‘ladi.
Bundan u(t) € C((0,T];H) ekanligi kelib chigadi.
Endi Au( ¢) nibaholaylik. A opertorning ta’rifiga va Parseval tengligiga ko‘ra

n 2
s, 0 =[R2 [0, (=) v, =) | =

2

n
= I;;Lzl(pkEp,l( _'“ktp) Tyl Ep,z( _'“k”})
n

"ASn(t) ||2:k214%|q)k}jp,l(—ﬂktﬂ) +y, IEp,z(_’MZIp) |2S

n n
<CY Ao B, (—par) |2+ C 2 22w, 1 E, o~ 1) [2=AS1+AS?

bu yerda
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AS}[{:(;;AH%EPJ( )2 AS%:Cklelﬂwk (£, (—ue) |
U holda quyidagi tengsizlikka ega bo‘lamiz:
|AS (1) |*< AS | + AS .
Endi, Mittag-Leffler funksiyasining bahosidan foydalanib, quyidagi bahoni
hosil gilamiz.

n n
AS;:CkZl,lﬂgokEp’l(—#ktp) 2< C;lgﬂ(pklz’
AS%:CkZ_l/lﬂwktEp’z(—ﬂktp) & Ckz_lflﬂwk f2<c r2kz_1,1§|wk|2
Ko‘rinib turibdiki, agar ¢,y e D(A) bo‘lsa u holda Au(t¢) € C((0,T];H)
bo‘ladi.
Endi esa A(Dfu(t)) ni baholaylik. Quyidagi D”S (1) yig’indini € (0,T]

da tekis yaqinlashishini ko‘rsatamiz:

—1 \ ﬂk
(1+4) ASn(r):kz::1 1+/1k[gokEp’1(—,uktp)+1//ktEp’2(—,uktp)]vk.
Parseval tengligiga ko‘ra
n ,1‘2
100 05,0 = 2o, (oni) pos, )
n 2 n 2
B Ty bl G b )]
Mittag-Leffler  funksiyasining Lemma 2 va Lemma 3  dagi bahosidan
A

foydalanib va

, < 1 ni hisobga olsak quyidagi bahoga ega bo‘lamiz:
I+
k

[cr+4) ~1as (o |2< C‘kzl o, ]2+ czﬂkzl |2
bu yerda C,,C, o‘zgarmas musbat sonlar. Bundan chigadi, agar ¢, we H
bo‘lsa, u holda Dfu(t) e C((0,T];H) bo‘ladi. Agar @, we D(A) bo‘lsa
Au(t) ,D;’u(r) e C((0,T];H) ekanligi va A(Dfu(t)) =—Au(t) — DPu(1)
tenglikdan ¢@,wy€ D(A) bo‘lsa A(Dfu(t))) e C((0,T;H) ekanligi kelib

chigadi.
Endi esa (2) dagi ikkinchi shartni tekshiramiz.

. d
“ (1) zd_;];l[¢kEp,l(_ﬂktp) Fy B (=) ]sz
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=k20 [(”k(_”‘k) e, (=) + (v B, (- r?)) ]"k '
t=0 bo‘lganda va 1<p<2 nihisobga olsak «'(0) =y, ekanligi kelib
chigadi.
Yechimning yagonaligi. (2) masalaning yechimi yagonaligini isbotlash uchun
standart usuldan foydalanamiz, ya’ni

Dfu(z‘) +D/r’(Au(r)) + Au(t) =0, 0<t<T;
u( +0) =0, (8)

u'(+0) =0,
masala aynan nol yechimga ega ekanligini ko‘rsatish yetarli. Aytaylik, wu( 1)
o0

ixtiyoriy yechim bo*lib, u holda u ( 1) =( u(t),v k) bolsin. u(t) = 2 u, (1)v,
k=1
ekanligi va A operatorning o°z-o‘ziga qo‘shmaligidan, (8) ga ko‘ra quyidagi
Dru(t) =— (Dl;’A(u(t) ) +A(u() ))
tenglikdan
DPu (1) =(DPu(1) v, )=~ (A(DPu(0) ) +Au(t) v, )=

== (A(Dru(n)).vy) = (Aur) v ) == (Drulr) . Av,) = (u(0) . Av, ) =

=—(Dru(0) A, )~ (u(), 2, ) == 2,D0u, (1) = A, (1)
tenglikka ega bo‘lamiz. Bundan quyidagi Koshi masalasiga kelamiz:
A

k
Dfuk(r) + " Akuk( t) =0,
uk( 0+) =0,
u}(( 0+) =0.

Bu masalani yechib (qarang [1]), barcha k> 1 lar uchun u, (#) =0 ekanligini
topamiz. {v,} xos funksiyalarning to‘laligidan u(7) = 0 ekanligi kelib chigadi.
Teorema isbotlandi.

FOYDALANILGAN ADABIYOTLAR RO‘YXATI
1. A.A Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of
Fractional Differential Equations, Elsevier (2006).
2. R. Ashurov, Yu. Fayziev, “On the nolocal boundary value problems for time-
fractional equations,” Fractal and Fractional, 6, 41 (2022).
3. A.\V.Pskhu The Stankovich Integral transform and Its Applications, Special
Functions and Analysis of Differntial Equations, 2020, p.16.

http://journalss.org/index.php/ped 377 Volume-92, Issue-1, October -2025




“PEDAGOGS” international research journal ISSN: 2181-3027_SJIF: 5.449

4. Umarov S., Hahn M., Kobayashi K. Beyond the triangle: Browian motion,

Ito calculas, and Fokker-Plank equation-fractional generalizations. World Scientific.
2017.

5. V.S. Vladimirov STEKLOV INSTITUTE OF MATHEMATICS MOSCOW,

U.S.S.R. Equations of Mathematical Physics, MARCEL DEKKER, New York
1971

6. Salohiddinov “Matematik fizika tenglamalari” O’zbekiston” 2002.
B.C.Bnagumupos, B.B.JKapunoB “YpaBHeHuss mareMarudeckon ¢uzuku’ -
Mockpa: DUZMAT, 2004.

7. Zhang Y., Benson D.A., Meerschaert M.M., LaBolle E.M., Scheffler H.P.
Random walk approximation of fractional-order multiscaling anomalus deffusion.
//Phys. Rev. E. 2006. V. 74,

8. Ashurov R., Fayziev Yu., Nosirova D., Amrullaeva D., Latipova Sh. On the
non-local problems for a Boussinesq type time-fractional subdiffusion equations //
Amaliy matematika va axborot texnologiyalarninig zamonaviy muammolari, 11-12
may, 2022 iiun, Buxoro, b. 143.

http://journalss.org/index.php/ped 378 Volume-92, Issue-1, October -2025




