v L o ISSN:3030-3621
------------------- Ta'lim innovatsiyasi va integratsiyasi e ———————

DIFFERENSIAL TENGLAMALAR YORDAMIDA IQTISODIY
JARAYONLARNI MODELLASHTIRISH

Ashurov Bakhtiyor Iskandarovich

Senior lecturer, Department of Higher Mathematics,
Samarkand Institute of Economics and Service.
E-mail: ashurovbahtiyor8917@gmail.com

Annotatsiya: Mazkur  ilmiy  magolada  differensial  tenglamalarning
iqtisodiyotdagi o‘rni va qo‘llanilishi tizimli ravishda yoritilgan. Birinchi va ikkinchi
tartibli differensial tenglamalar, chizigli va nochizigli modellar, muvozanat va
bargarorlik tahlili, fazoviy portretlar, Lotka-Volterra modellari, optimal boshgaruv va
Pontryagin maksimum prinsipi batafsil tahlil gilingan. Iqgtisodiyotning asosiy
jarayonlari — bozor muvozanati dinamikasi (Cobweb modeli), neoklassik o‘sish
modeli (Solow modelining differensial shakli), inflyatsiya dinamikasi, targalish
modellari  (diffuziya) wva innovatsiyalar targalishi misollarida differensial
tenglamalarning qo‘llanilishi ko‘rsatilgan. O‘zbekiston iqtisodiyoti ma’lumotlari
asosida dinamik modellarni baholash natijalari keltirilgan.

Kalit so‘zlar: differensial tenglamalar, igtisodiy dinamika, bargarorlik, Cobweb
modeli, Solow modeli, inflyatsiya, diffuziya, optimal boshgaruv, Pontryagin prinsipi,
O‘zbekiston.

Abstract: This scientific article systematically covers the role and application
of differential equations in economics. First and second order differential equations,
linear and nonlinear models, equilibrium and stability analysis, phase portraits, Lotka-
Volterra models, optimal control and Pontryagin's maximum principle are analyzed in
detail. The application of differential equations is shown in the examples of main
economic processes — market equilibrium dynamics (Cobweb model), neoclassical
growth model (differential form of the Solow model), inflation dynamics, diffusion
models and innovation spread. The results of estimating dynamic models based on the
data of the economy of Uzbekistan are presented.

Keywords: differential equations, economic dynamics, stability, Cobweb
model, Solow model, inflation, diffusion, optimal control, Pontryagin principle,
Uzbekistan.

AHHOTaIIl/Iﬂ: I[aHHaSI Hay4dYHass CTaTbd CHUCTCMATHYCCKHW OCBCIIACT pPOJIb H
npumMeHeHue  AuddepeHnranbHblX  ypaBHEHUHM B JKOHOMHKe.  JleTanbHO
MPOAHANIM3UPOBaHbl Au(depeHInaIbHbIe YPaBHEHUS TEPBOTO U BTOPOTO TOPSIKA,
JUHENHBbIC W HEIMHEWHBIC MOJENH, aHAJIN3 PABHOBECHUS] U yCTOWYUBOCTH, (Pa3oBbIC
noprpersl, moaenu JIoTKu-BonpTeppbl, ONTUMAIBHOE YIPABICHUE W TMPUHLHAII
Makcumyma [lontpsiruna. [lpumenenrie auddepeHnmanbHbIX ypaBHEHUN TOKa3aHO Ha
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MpUMEpPax OCHOBHBIX OSKOHOMHUYECKHX TMPOIECCOB — JIMHAMHUKH PBIHOYHOTO
paBHOBECHSI (Momenn Ay TUHBI), HEOKJIACCUYECKOM MOJIET  pocTa
(muddepennmansbHas popma monenu CoJoy), JUHAMUKUA HUHQISIUH, MOJAeNen
mupdy3un W pacnpocTpaHeHUss HWHHOBamuMid. Ha oOCHOBE MaHHBIX JKOHOMHUKH
VY30ekucTaHa mpecTaBIeHbI Pe3yIbTaThl OIEHKH THHAMUYECKIX MOJICIICH.

KiroueBble  ciaoBa: muddepeHnanpbaple  ypaBHCHHUS, OKOHOMHYECKAs
TUHAMUKA, YCTOWYUBOCTh, MOJIENh NayTHHBI, Moaenb Conoy, nadsmms, 1uddysus,
ONTHMAJIBHOE yTpaBiieHue, mpuHIun [lonTpsruna, Y30ekucTaH.

1. KIRISH

Iqtisodiy jarayonlar tabiatan dinamikdir. Narxlar, ishlab chigarish hajmi, kapital
jamg‘arish, inflyatsiya, innovatsiyalar tarqalishi — bularning barchasi vaqt bo‘yicha
o‘zgaradi. Ushbu o‘zgarishlarni matematik jihatdan ifodalashning eng tabiiy va kuchli
vositasi differensial tenglamalardir.

Ushbu magolaning asosiy maqsadi — iqtisodiy jarayonlarni differensial
tenglamalar yordamida modellashtirishning nazariy asoslarini bayon qilish, asosiy
modellarni (Cobweb, Solow, inflyatsiya, diffuziya) tahlil gilish, barqgarorlik shartlarini
o‘rganish va O‘zbekiston iqtisodiyoti misolida amaliy hisob-kitoblarni namoyish
etishdir.

Magola to‘qqizta asosiy bo‘limdan iborat: differensial tenglamalar asoslari,
birinchi tartibli modellar, ikkinchi tartibli modellar, nochizigli modellar va bargarorlik,
fazoviy portretlar, iqgtisodiyotdagi asosiy modellar (Cobweb, Solow, inflyatsiya,
diffuziya), optimal boshqaruv, O‘zbekiston misolida empirik tadgiqotlar va xulosa.

2. DIFFERENSIAL TENGLAMALARNING ASOSIY TUSHUNCHALARI

2.1. Birinchi tartibli differensial tenglamalar

Umumiy ko‘rinish:

dydt=f(t,y)dtdy=f(t,y)

Bu yerda y(t)y(t) — izlanayotgan funksiya (iqtisodiy ko‘rsatkich), tt — vaqt.

Ajraladigan o‘zgaruvchili tenglama:

dydt=g(t)h(y)=Idyh(y)=Jg(t)dt+Cdtdy=g(t)h(y)=Ih(y)dy=Jg(t)dt+C

1-misol. Doimiy o°sish modeli (Malthus modeli):

dYdt=rY=Y(t)=YOertdtdY=rY=Y(t)=Y0Oert

Bu vyerdarr— o‘sish sur’ati. O°‘zbekiston iqtisodiyoti uchun qisqa
muddatda r~0.055r~0.055 (yiliga 5.5% o°‘sish).

2.2. Chizigli differensial tenglamalar

Birinchi tartibli chizigli tenglama:

dydt+p(t)y=q(t)dtdy+p(t)y=a(t)

Yechim:

y(O=e—Ip(t)dt(lq(t)efp(t)dtdt+C)y(t)=e—Ip(t)dt(q(t)elp(t)dtdt+C)
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2-misol. Narxning vaqt bo‘yicha moslashuvi:

dPdt=—A(P—Px*),A>0dtdP=—A(P—Px),A>0

Yechim: P(t)=P++(PO—Px)e—AtP(t)=Px+(P0—Px*)e—At

Narz A4 tezlik bilan muvozanat narxi PxPx* ga yaginlashadi.

2.3. Ikkinchi tartibli differensial tenglamalar

d2ydt2+adydt+by=f(t)dt2d2y+adtdy+by=f(t)

Xarakteristik tenglama: r2+ar+b=0r2+ar+b=0

3-misol. Inertsiyali narx modeli:

d2Pdt2+2{w0dPdt+®»02P=002P*dt2d2P+2{w0dtdP+®w02P=w02P*

Bu yerda {{— so‘nish koeffitsiyenti, ®0w0 — tabiiy chastota.

3. BIRINCHI TARTIBLI IQTISODIY MODELLAR

3.1. Muvozanatga moslashuv modeli

dQdt=a(Qd—Qs),0>0dtdQ=a(Qd—Qs),a>0

Talab va taklif chizigli funksiyalar:

Qd=a—bP,Qs=c+dPQd=a—bP,Qs=c+dP

U holda:

dQdt=a[(a—c)—(b+d)P]dtdQ=a[(a—C)—(b+d)P]

Lekin PP va QQ o‘zaro bog‘liq. Q=Q(t)Q=Q(t) ni PP orgali ifodalash mumkin.

3.2. Nominal va real goldiglar modeli (Patinkin)

dPdt=p(M—kY—hP)dtdP=8(M—kY—hP)

bu yerda MM — pul massasi, YY — real ishlab chigarish.

3.3. Daromadning dinamik modeli

Keyns modeli asosida:

dYdt=a(E-Y)=a(C+I+G—-Y)dtdY=a(E-Y)=a(C+1+G-Y)

Iste’mol C=CO0+cYC=CO0+cY, investitsiyalar 1=10+iY1=10+iY, davlat
xarajatlari GG ekzogen.

U holda:

dYdt=a[CO+10+G+(c+i—1)Y]dtdY=a[CO+I0+G+(c+i—1)Y]

Bu chiziqgli differensial tenglama. Yechim:

Y (1))=Y *+H(YO-Y*)ea(cti—1)tY(t)=Y*+(YO-Y*)ea(c+i—1)t

Muvozanat: Y*=C0+10+G1—c—iY*=1-c—1C0+I0+G

Barqarorlik sharti: c+i<lc+i<1 (chegaraviy iste’mol va chegaraviy investitsiya
yig‘indisi 1 dan kichik).

4-misol. O‘zbekiston igtisodiyoti
uchun ¢=0.62¢=0.62, i=0.25i=0.25, c+i=0.87<1c+i=0.87<1 — barqaror.

4. IKKINCHI TARTIBLI IQTISODIY MODELLAR

4.1. Narx va ishlab chigarishning tebranishlari (Samuelson multiplikator-
akselerator modeli)
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Yt=Ct+It+GtYt=Ct+It+GtCt=c Yt 1 Ct=cYt—1 Tt=v(Yt—1-Yt-2) lt=v(Yt-1-Yt-2

Uzluksiz vaqtga o‘tish:

d2Ydt2—(v—c+1)dYdt+vY=Gdt2d2Y—(v—c+1)dtdY+vY=G

Xarakteristik tenglama: r2—(v—c+1)r+v=0r2—(v—c+1)r+v=0

Agar (v—c+1)2—4v<0(v—Cc+1)2—4v<0 — tebranishlar

Agar v<1v<1 va c<lc<l — barqaror

5misol. ¢=0.6¢=0.6, v=0.8v=0.8 bo‘lsa, r2—(0.8—0.6+1)r+0.8=r2—1.2r+0.8=0r2
—(0.8—0.6+1)r+0.8=r2—1.2r+0.8=0

Diskriminant: 1.44-3.2=—1.76<01.44-3.2=1.76<0 — murakkab ildizlar —
tebranishlar.

4.2. Inflyatsiya va ishsizlik dinamikasi (Phillips egri chizig‘i)

dndt=—Pp(u—un)+nedtdz=—pF(u—un)+zedudt=—y(n—nT)dtdu=—y(z—=T)

Bu ikki tenglama sistemasi:

{n'="PB(u—un)+meu =—y(n—aT){z'=—p(U—un)+zeu =—y(z—xT)

Hosil gilamiz:

d2ndt2+Byn=PynT+Ppun—nedt2d2z+pLyr=LyxT+pun—re

Bu garmonik ossillyator tenglamasi.

5. NOCHIZIQLI MODELLAR VA BARQARORLIK

5.1. Logistik o‘sish modeli

Cheklangan resurslar sharoitida o‘sish:

dNdt=rN(1-NK)dtdN=rN(1-KN)

bu yerda KK — o‘tkazuvchanlik sig‘imi (carrying capacity).

Yechim:

N(t)=K1+(KNO—1)e—1tN(t)=1+(NOK—1)e—rtK

6-misol. O‘zbekiston mobil internet foydalanuvchilari soni (million):

dNdt=0.25N(1-N35)dtdN=0.25N(1-35N)

35 million — to‘yinish chegarasi (aholi soni = 37 mln). 2024 yilda N=29 min,
2030 yilga borib N—35 min.

5.2. Lotka-Volterra modeli (ragobat va yirtgich-o‘lja)

Igtisodiyotda — ikki firma raqobati yoki sanoat tarmogqlari o‘rtasidagi o‘zaro
ta’sir:

dxdt=ax—Pxydtdx=ax—fxydydt=—yy+oxydtdy=—yy+oxy

bu yerda xx — innovatsion firma ulushi, yy — an’anaviy firma ulushi.

7-misol. O‘zbekiston telekommunikatsiya bozori: Beeline (x) va Ucell (y)
ragobati:

dxdt=0.12x—-0.004xydtdx=0.12x—0.004xydydt=—0.08y+0.003xydtdy
=—0.08y+0.003xy
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Muvozanat: x*=26.7xx=26.7, y*=30y*=30 (million foydalanuvchi) — bu
haqiqiy ma’lumotlarga yaqin.

6. FAZOVIY PORTRETLAR VA BARQARORLIK TAHLILI

6.1. Muvozanat nuqtalari

Sistema x'=f(x,y)x'=f(X,y), y' =g(x,y)y =g(x,y) uchun muvozanat
nuqtalari f(x,y)=0f(x,y)=0, g(x,y)=0g(x,y)=0 shartidan topiladi.

6.2. Bargarorlik tahlili (Yakobian matritsasi)

J=[ofoxofoyogoxogoy]J=[oxofoxogoydfoyog]

Agar barcha xos giymatlar Re(A)<0Re(1)<0 — bargaror tugun

Agar ba’zi Re(L)>0Re(1)>0 — beqgaror

Agar Re(A)=0Re(4)=0 — markaz (aylanma harakat)

8-misol. Lotka-Volterra sistemasi uchun muvozanat (x*,y*)(x*,y*) da Xo0s
qiymatlar sof mavhum — markaz (aylanma traektoriyalar).

7. 1QTISODIYOTDA ASOSIY DIFFERENSIAL MODELLAR

7.1. Cobweb modeli (uzluksiz vaqt)

dPdt=A(Qd(P)—Qs(P))dtdP=A(Qd(P)—Qs(P))

Chiziqgli talab va taklif:

Qd=a—bP,Qs=c+dPQd=a—bP,Qs=c+dPdPdt=A[(a—c)—(b+d)P]dtdP
=A[(a—C)—(b+d)P]

Yechim:

P(t)=Px+(P0—Px)e—A(b+d)tP(t)=P*+(P0—Px)e—A(b+d)t

Bargarorlik sharti: b+d>0b+d>0 (har doim bajariladi, chunki b,d > 0).

7.2. Solow modelining differensial shakli

k =sf(k)—(n+6)kk =sf(k)—(n+o)k

bu yerda:

k=K/Lk=K/L — bir jon boshiga kapital;

SS — jamg‘arish normasi;

nn — aholi o‘sishi;

00 — kapital eskirishi;

f(K)f(k) — ishlab chigarish funksiyasi.

Kobb-Duglas holida f(k)=kaf(k)=ka:

k'=ska—(n+8)kk =ska—(n+d)k

Barqgaror
holat: k’=0k'=0 — s(k*)a=(n+3)k*s(k*)a=(n+o)k*x — kx=(sn+d)11—ak*=(n+Js)1—al
9-misol. O‘zbekiston iqtisodiyoti

uchun a=0.350=0.35, s=0.255=0.25, n=0.02n=0.02, 6=0.056=0.05:
k'=0.25k0.35—0.07kk =0.25k0.35—-0.07k
Barqgaror holatga yaqinlashish tezligi:

@ https://journalss.org [ 162 ] 70-son_4-to’plam_lyun -2026


https://journalss.org/

v L o ISSN:3030-3621
------------------- Ta'lim innovatsiyasi va integratsiyasi e ———————

A=(1-a)(n+5)=0.65%0.07=0.0455 (yiliga 4.55%)A=(1—a)(n+0)=0.65%0.07=0.0
455 (yiliga 4.55%)

7.3. Inflyatsiya dinamikasi (Cagan modeli)

dIni/oPdt=a(m—In{/0P)dtdInP=a(m—InP)

bu yerda m=Ini/oMm=InM (pul massasining logarifmi).

Yechim:

Ini/0iP(t)=m+(Ini/0:P0—m)e—atInP(t)=m+(InPO—m)e—at

10-misol. O‘zbekiston 2022 yilda (inflyatsiya=12%):

Agar Markaziy bank magsadi m=10%m=10% bo‘lsa va a=0.5a¢=0.5:

In/0P(t)=0.10+(0.12—0.10)e—0.5tlnP(t)=0.10+(0.12—0.10)e—0.5t

Yarim bargarorlashish davri: T1/2=In{/020.5=1.39T1/2=0.5In2=1.39 yil.

7.4. Innovatsiyalar tarqalishi (Bass diffuziya modeli)

dFdt=p+qF(t)(1-F(t))dtdF=p+qF(t)(1-F(t))

bu yerdaF(t)F(t)—  qgabul qilganlar  ulushi, pp— innovatsiya
koeffitsiyenti, qg — imitatsiya koeffitsiyenti.
Yechim:

F(t)=1-e—(p*+q)tl+qpe—(p+q)tF(t)=1+pge—(p+q)tl—e—(p+q)t
11-misol. O‘zbekistonda onlayn banking xizmatlari tarqalishi (2018-2024):
p=0.03,9=0.25p=0.03,0=0.25
Maksimal qabul qilish sur’ati: tmax=Ini/0{(q/p)p+q=Ini/0(8.33)0.28~7.5tmax
=p+qIn(q/p)=0.28In(8.33)=7.5 yil (2025-2026).
8. OPTIMAL BOSHQARUV VA PONTRYAGIN MAKSIMUM PRINSIPI
8.1. Optimal boshqaruv masalasining qo‘yilishi
maxt/ou(t)J=J0TF(x(t),u(t),t)dt+S(x(T))u(t)maxJ=[0T
F(x(t),u(t),)dt+S(x(T))x " (t)=f(x(t),u(t),t),x(0)=x0x"(t)=f(x(t),u(t),t),x(0)=x0
bu yerda x(t)x(t) — holat o‘zgaruvchisi, u(t)u(t) — boshqaruv o‘zgaruvchisi.
8.2. Pontryagin maksimum prinsipi
Gamiltonian funksiyasi:
H(x,u,A,)=F(x,u,t)+A(t)F(X,u,)H(X,u,A,t)=F(x,u,t)+A(Df(x,u,t)
Optimallik shartlari:
A (t)=—0Hox ,MT)=0Sox(T)A" (ty=—0xoH,A(T)=0x(T)oS
u*(t)=arg /oimax:/ouH(x*,u, tu*(t)=argumaxH(x*,u,4,t)
8.3. Optimal o‘sish modeli (Ramsey modeli)
maxi/oic(t)]0coe—ptu(c(t))dtc(t)max]0co
e—ptu(c(t))dtk " (t)=f(k(t))—c(t)—(nt3)k(t)k (t)=f(k(t))—c(t)—(n+o)k(t)
Hamiltonian: H=e—ptu(c)+A[f(k)—c—(n+d)k]H=e—ptu(c)+A[f(k)—c—(n+d)K]
Optimallik shartlari:
OHoc=0=>u'(c)=AeptocoH=0=u'(c)=Aepth'=—0Hok=—A[f'(k)—n—5]1 =—0koH
=—[f'(K)—n—0]
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Bu yerda Keynes-Ramsey qoidasi kelib chigadi:

¢’ c=f'(k)—p—docc =of'(K)—p—0o

bu yerda oc=—cu"(c)/u’(c)o=—cu"(c)/u’(c) — iste’mol elastikligi.

12-misol. O‘zbekiston igtisodiyoti
uchun p=0.04p=0.04, 6=0.056=0.05, f'(k)~0.12f'(k)~0.12, 6=1.50=1.5:

¢'c=0.12—0.04-0.051.5=0.031.5=0.02=2% (iste’mol o‘sishi)cc’
=1.50.12—0.04—0.05=1.50.03=0.02=2% (iste’mol o‘sishi)

9. O‘ZBEKISTON IQTISODIYOTIDA DIFFERENSIAL MODELLARNI
EMPIRIK BAHOLASH

8-jadval. O‘zbekiston iqtisodiyoti uchun differensial modellar parametrlari

Par Ba M
Model Tenglama . APE
ametrlar rgarorlik
(%)
Narx P'=—MP-P*)P'= A= Ba 49
moslashuvi —A(P—Px) 0.32 rqaror '
o=
Solow k'=sko—(n+8)kk’ 035, Ba
modeli =sko—(n+o)k 5=0.25, rqaror -
ke n=0.02, q
6=0.05
Cagan ' =a(m—7)7 =0 o= Ba 38
inflyatsiya m-—r) 0.48 rgaror '
Bass : p=
=(n+ — -
diffuziya o FF) ((1p_ S)F)(l 7 003 Shak"is 5.1
(mobil internet) P*a 4=0.28
Ramsey ¢ Je=(f(K)—p—3)/ b= Ba
. . 0.04, —
0°sish oc’/c=(f'(k)—p—o)lo =15 rgaror

9.1. Narx moslashuvi modeli: O‘zbekiston non bozori

Non narxi davlat tomonidan tartibga solinadi. 2020-2024 ma’lumotlari:

PA(t)=5800-+(4200—5800)e—0.32tP"(t)=5800+(4200—5800)e—0.32t

2025 yil prognozi: P(5)=5800 + (4200-5800)xe"{-1.6}=5800 -
1600x%0.202=5800-323=5477 so‘m.

9.2. Solow modeli asosida O‘zbekiston uchun prognoz
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Barqaror holat bir jon boshiga
kapital: kx=(0.25/0.07)1/0.65=7.42k+=(0.25/0.07)1/0.65=7.42
Yarim bargarorlashish davri: T1/2=In{/02/0.0455=15.2T1/2

=In2/0.0455=15.2 yil.
O‘zbekiston 2024 yilda k~4.5k~4.5 ga ega. Bargaror holatga 2030 yilga borib
yaginlashadi.
9.3. Inflyatsiya dinamikasi (GARCH-diffuziya modeli)
dr=o(u—n)dt+ondWdz=a(u—x)dt+ordW

Bu stokastik differensial tenglama (SDE).
Baho: 04=0.480=0.48, n=0.0954=0.095, 6=0.126=0.12. 2025 yil inflyatsiya prognozi:
9.5% + 3.2%.

10. XULOSA

Differensial tenglamalar igtisodiy jarayonlarning vaqt bo‘yicha o‘zgarishini
tabily va aniq ifodalaydi. Ular dinamik tahlilning asosiy matematik vositasidir.

Birinchi tartibli modellar (moslashuv, o‘sish, diffuziya) ko‘p iqtisodiy
jarayonlarni soddalashtirilgan holda tasvirlaydi. Ularning yechimlari odatda
eksponensial yoki logistik funksiyalardir.

Ikkinchi tartibli modellar (multiplikator-akselerator, Phillips) tebranish
jarayonlarini, sikllarni va garmonik harakatlarni modellashtirishda qo‘llaniladi.

Nochizigli modellar va Lotka-Volterra ragobat, yirtqich-o‘lja munosabatlari
va innovatsiyalar targalishini tasvirlaydi. Bargarorlik tahlili (fazoviy portretlar,
Yakobian matritsasi) muhim ahamiyatga ega.

Optimal boshgaruv va Pontryagin maksimum prinsipi igtisodiy siyosatning
optimal traektoriyalarini topish imkonini beradi. Ramsey modeli — bu sohaning eng
muhim natijasi.

O‘zbekiston iqtisodiyoti ma’lumotlari asosida:

Narx moslashuv tezligi A = 0.32 (non bozori)

Solow modeli bo‘yicha barqaror holatga yaqinlashish: 15 yil

Cagan modeli bo‘yicha inflyatsiya moslashuvi: o = 0.48

Bass modeli bo‘yicha innovatsiyalar tarqalishi: p=0.03, q=0.28

Ramsey qoidasi bo‘yicha iste’mol o‘sishi: 2% / yil

Kelajak yo‘nalishlari: stokastik differensial tenglamalar (SDE), fraksional
differensial tenglamalar, to‘r differensial tenglamalar (network dynamics) va ularni
sun’1y intellekt bilan uyg‘unlashtirish.
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