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HILFER OPERATORLI KASRLI DIFFUZIYA TENGLAMASI UCHUN
TESKARI MASALALAR

Rashidov Ravshanbek Rustamovich
Buxoro Davlat Universiteti Differensial
tenglamalari kafedrasi o ‘qituvchisi

Annotatsiya. Uhbu maqolada vaqt bo’yicha Hilfer operatorli kasrli diffuziya
tenglamasi uchun teskari masalalar ko’rib chiqiladi. To’g’ri masala bu tenglama uchun
Koshi tipidagi boshlang’ich shartlar va Drixle chegaraviy shartlar bilan berilgan
boshlang’ich-chegaraviy masaladir. Keyin, to’g’ri masalaning yechimiga qo’shimcha
shartlar qo’yish orqali tenglamadagi noma’lum koeffitsiyentlarni aniglashning teskari
masalasini o’rganamiz. Vaqtga bog’liq koeffitsiyentni aniglashning teskari masalasi
Volterra tipidagi ekvivalent integral tenglamaga keltiriladi. Yechimning mavjudligi va
yagonaligini isbotlash uchun gisgaruvchi akslantirishlar prinsipiga tayaniladi. Teskari
masalaning yechimining lokal mavjudligi va global yagonaligi isbotlangan. Keyin
fazoviy o’zgaruvchiga bog’liq koeffitsiyentni aniqlash bo’yicha teskari masalan
yagona yechimining mavjudligi isbotlangan.

Kalit so’zlar: Rimann-Liuvill kasr integrali, Rimann-Liuvill kasr hosilasi,
to’g’r1 masala, teskari masala, integral tenglama, Furye qatori, mavjudlik va yagonalik,
Banaxning qo’zg’almas nuqta haqidagi teoremasi.

OBPATHBIE 3AIAYH JIJISI YPABHEHUSA JPOBHON
ANPDPY3UUN C OITEPATOPOM XNJIB®EPA

AHHoOTaumMsi. B 1aHHOW cTaThe paccMaTpUBAIOTCA OOpaTHbIE 3adaud ISt
ypaBHeHUs1 ApoOHON nuddysun ¢ omeparopoM Xuibdepa no BpemeHu. lIpsmoii
3a/1a4eil SIBISIETCS HAYaJIbHO-KpaeBasl 3a- Jaya JJig 3TOr0 YPaBHEHHS C HAYaJIbHbIMU
naHHpiMu THna Komwm u rpanuwyHbiMu  ycnoBusmMu Jupuxiue. [lanee wuzydaem
oOpaTHYI0 3a/1auy Ompe/elIeHUs] HEU3BECTHBIX KO (UIIMEHTOB U3 YPaBHEHUS ITyTEM
n00aBlieHUs JOMOJHUTENIBHBIX YCIOBHM K perieHuto mpsimoi 3amauu. OOparHas
3ajaya omnpenenaeHus Kod(dduimeHTa 3aBUCSIIETO OT BpPEMEHH, CBOIUTCS K
HKBUBAJICHTHOMY MHTErPAIbHOMY ypaBHEHHIO Tuma Bonbreppa. s noka3zareiabcTBO
CYIIIECTBOBAHUS U €AMHCTBEHHOCTH PEIICHUS UCIOJB3YETCS MPUHIIUI CHKUMAFOIINX
oToOpakeHuil. JlokazaHbl JOKaIbHOE CYIIECTBOBAHUE U TJI00ANIbHAS €IMHCTBEHHOCTD
pemeHuss oOpaTHOW 3adadd. 3aTeM JOKa3aHO CYIIECTBOBAHHWE €IWH- CTBEHHOTO
pemeHuss oOpaTHOW 3a7auv MO ONpeNeTeHUI0 KOd(PPUIIMEHTa, 3aBUCSIIETO OT
MNPOCTPAHCTBEHHOW MEPEMEHHOM.
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KiioueBble cjoBa: apoOHbIi uHTerpan Pumana-JInyBumisa, apoOHas
npousBoAHas Pumana-JInyBusuid, npsimasi 3ajavya, oOpaTHas 3ajada, UHTErPajbHOE
ypaBHeHHe, psaa Dypbe, CyLIECTBOBAaHHE, €IMH- CTBEHHOCTb, TeopeMa banaxa o
HENOJIBW)KHOM TOUKE.

INVERSE PROBLEMS FOR THE FRACTIONAL DIFFUSION
EQUATION WITH THE HILFER OPERATOR.

Abstract. This article considers inverse problems for the fractional diffusion
equation with the Hilfer operator. In time. The direct problem is an initial boundary
value problem for this equation with Cauchy-type initial data and Drichlet boundary
conditions. We then study the inverse problem of determining unknown coefficients
from the equation by adding additional conditions to the solution of the direct problem.
The inverse problem of determining the time-dependent coefficient is reduced to an
equivalent Volterra-type integral equation. The principle of contraction mappings is
used to prove the existence and uniqueness of the solution. The local existence and
global unigueness of the solution to the inverse problem are proved. Then, the existence
of a unique solution to the inverse problem of determining the coefficient depending
on the spatial variable is proved.

Keywords: Riemann-Liouville fractional integral, Riemann-Liouville fractional
derivative, direct problem, inverse problem, integral equation, Fourier series,
existence, uniqueness, Banach fixed-point theorem.

So’nggi o’n yilliklarda nolokal dinamik jarayonlarni tasvirlash uchun kasr
operatorlari bo’yicha adabiyotlar soni sezilarli darajada oshdi. Kasr hosilalar fizika,
biologiya, iqgtisodiyot, texnika fanlari va boshgalarda turli jarayonlarni
modellashtirishda tobora ko’proq qo’llanilmoqgda. [1]-[4]. Klassik kasr hosilalaridan
tashqari, turli vaziyatlarda modellarning hagigatga yaxshirog mos kelishi uchun bir
nechta umumlashmalar kiritildi. Kasr tartibli differensial tenglamalar matematik
nazariyasiga kelsak, oddiy differensial tenglamalar uchun hozirgi vaziyat xususiy
hosilali differensial tengla malar uchun vaziyatdan farq qiladi. Kasr diffuziya
tenglamalari uchun to’g’ridan to’g’ri masalalar, masalan, boshlang’ich yoki
chegaraviy masalalar [5]-[7] ishlarida keng o’rganilgan. [8],[9] ishlarda vaqt
o’zgaruvchisi bo’yicha regulyarlash tirilgan kasr hosilasi va fazoviy o’zgaruvchilarda
ishlaydigan o’zgaruvchan koeffitsiyentli bir tekis elliptik operatorli evolyutsion
tenglama ko’rib chiqildi. Koshi masalasining fundamental yechimi qurildi va
o’rganildi. Teskari masalalarda, kasr tartibli differensial tenglamalar uchun ko’pincha
fazoviy o’zgaruvchilarga yoki vaqtga bog’liq bo’lgan manbani aniqlash masalala ri
o’rganiladi. [10]-[15] magolalarida kasr diffuziya-to’lqin tenglamasi uchun kichik hadi
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oldidagi koeffitsiyentni aniqlash bo’yicha teskari masalalar o’rganilgan. Ushbu
tadgigotning asosiy natijalari yechimning mavjudligi va yagonaligi teoremalari,
shuningdek, yechimning turg’unlik bahosidir. Integro-differensial tenglamaning
integral hadidagi k(t) yadrosini aniglash masalalari ko’plab nashrlarda
o’rganilgan[16]-[28], ularda klassik boshlang’ich, boshlang’ich-chegaraviy shartlari
bilan bir o’lchovli va ko’p o’lchovli teskari masalalar tadqiq gilingan. Teskari masala
yechimining mavjudligi va yagonaligi teoremalari isbotlangan.

Masalaning qo’yilishi

Q={(x,1):0<x<1,0<t<T} sohada quyidagi kasr-differensial tenglamani garaymiz.
(Dot w) (0~ 1ty + AU, Y = POOF(R), (O << 1;0<B=<1) (1)
boshlang’ich shart:

Iar TP U0 Olemo = (), x €0, 1] 2)
chegaraviy shartlar:

w0, =0,ul,t)=0,0<t<T, (3)

0 < a <1 tartibli va 0 < B < 1 tipli umumlashgan Rimann-Liuvill kasr differensial
operatori(Hilfer) Dg‘f quyidagicha aniglangan:

2
e (1) = (10570 = (S PO ) v),

0+,t ot2 0+,t
1 t ulx1)
Ig, culx, t) = o f, e dz, ye(0,1).
I +¢— U(x, t) funksiyadan t bo’yicha olingan Rimann-Liuvill kasr integral,['(-) —

Eylerning gamma funksiyasi.

Berilgan p(x), f(t), o(x), q(t) funksiyalar va . € (0, 1), B € [0, 1] sonlar uchun (1)-
(3) boshlang’ich-chegaraviy masalasining yechimini topish masalasi o’rganiladi, bu
masala to’g’ri masala deb ataladi.

1-teskari masala. Berilgan p(x), f(t), ¢(x) funksiyalar va a € (0, 1), p € [0, 1] sonlar
uchun (1)-(3) to’g’ri masalaning yechimida qo’shimcha shartdan:

[, w()u(x, t)dx = h(t), te [0.7] (4)
foydalanib q(t), t € [0, T] aniglash talab etiladi.

Keyingi teskari masalada, q(t) = 0 deb garaladi.

2-teskari masala. Berilgan p(x), f(t), ¢(x) funksiyalar va a. € (0, 1), B € [0, 1] sonlar
uchun (1)-(3) to’g’ri masalaning yechimida qo’shimcha shartdan:
u(x,T)=g(x), xe€ [0,(] (5)
foydalanib p(x), x € [0, I] aniglash talab etiladi.

Faraz gilaylik, berilgan ¢, f, h, w va g funksiyalar oldindan berilgan, yetarlicha sillig
va garalayotgan ish davomida quyidagi shartlarni ganoatlantirsin:

Al)g € C* [0, 1], e (x) € L*[0, 11, ¢ (0) = (1), ¢ "(0) = ¢ "(1);

A2)p € C3 [0, I, p®(x) €L[ [0, 11, p(0) = p(L), p "(0) = p "(1);
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A3) w (x) € C2 [0, 1] va w(0) = w(l) = 0;
Ad) (D& h) (t) € C[0, T] va |h(t)| > hy > 0, hy — berilgan son,

[ w@e@)dx = (I8P RO ;
AB)g € C* [0, 1],9(0) = g(l) = 0;
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