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tenglamalar kafedrasi o ‘gituvchisi

Annotatsiya. Ushbu magolada chegaralangan bir o'lchamli sohada
yuklanganlik bilan berilgan issiglik targalish tenglamasi uchun boshlang'ich-
chegaraviy masala ko'rib chigiladi. To'g'ri masala bu tenglama uchun Kosh tipidagi
boshlang'ich shartlar va Dirixle chegaraviy shartlar bilan berilgan boshlang’ich-
chegaraviy masaladir. O'zgaruvchilarni ajratish usuli bilan berilgan masala ikkinchi
turdagi Volterra integral tenglamasiga Keltiriladi. Yechimning mavjudligi va
yagonaligini isbotlash uchun gisgaruvchi akslantirishlar prinsipiga tayaniladi.

AHHOTaIII/ISI. B ﬂaHHOﬁ CTAaTbC PaCCMATPUBACTCA HAYAJIIbHO-KPACBaA 3a1a4a IJIA
YpaBHEHUS TETUIONPOBOIHOCTH B OTPAHUYECHHOW OJTHOMEPHON 00JaCTH, 3aJIaHHOTO C
Harpy3koil (wnmm c ycioBuem Harpysku). [lpsimas 3amaua mpeacTaBisieT coOou
Ha4YaJIbHO-KPACBYIO 3a1a4y AJIAA JaHHOI'O YPAaBHCHUA C HA4YaJIbHBIMH YCJIIOBHUSAMU THIIA
Komm wu rpanmuyneiMu ycnoBusmu [upuxne. 3amada, NOCTaBIEHHAas METOAOM
pa3ielieHusl TEPEMEHHBIX, CBOJWUTCS K HMHTErPAJIBHOMY YpaBHEHUIO Boibereppa
BTOpPOTO poAaa. I[J'IH A0Ka3aTcjIbCTBa CYHMICCTBOBAHUA M CAWHCTBCHHOCTH PCIICHUA
HCIIOJIB3YETCS IPUHITUI CKUMAIOIIUX OTOOPaKEHUM.

Abstract In this paper, we consider an initial-boundary value problem for a heat
equation with involution in a bounded one-dimensional domain. The direct problem is
an initial boundary value problem for this equation with Cauchy-type initial data and
Drichlet boundary conditions. The problem given by the method of separation of
variables is reduced to the Volterra integral equation of the second kind. The principle
of contraction mappings is used to prove the existence and uniqueness of the solution.

Kalit so'zlar: issiglik targalish tenglamasi, boshlang'ich-chegaraviy masala,
Volterra integral tenglamasi, Granuolla tengsizligi, yuklanganlik.

KiroueBble cjioBa: YPAaBHCHHC TCILIOIMIPOBOAHOCTH, HAYAJIbHO-KpAacCBasd 3ajiava,
MHTETrpAIbHOE ypaBHeHUE BonbTeppa, HepaBeHCTBO | paHyoIia, MHBOTIOTIUA.
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Consider the non-homogeneous heat equation
ut(xl t) - uxx(xl t) + guxx(_xf t) + q(t)u(x' t) = f(x' t)» (X, t)E Q (1)
initial condition

u(x, 0) = p(x), x € [, 7] (2)
boundary conditions
u(-z,t)=u(r, t)=0,te [0, T] (3)

Where f(x, t), ¢(x) are given and enough smooth functions, ¢ is a nonzero real number
such that |¢] < 1 and Q is a rectangular domain given by Q= {-—r7<x<7, 0<t<T}.
Suppose that the data of the problem (1)-(3) the functions ¢(x), f(x, t) satisfy following
assumption:

Al) p(x)eC?*[—m, 1], , 9P (X)eL[—m, mlop(~7) = p(x) =0 ;

A2) f(x, t) eC(Q), f(x, t) eL? (Q) .

Here we seek solution to problem in a form of series expansion using a set of functions
that form orthogonal basis in L? (—z, 7). To find the appropriate set of functions for
each problem, we shall solve the homogeneous equation corresponding to equation (1)
along with the associated boundary conditions using separation of variables.

Separation of variables leads to the following spectral problem for (1)-(3)

X"'(X) — eX"(—x) + AX(X) = 0 X(z) = X(—=x) =0, (4)

The eigenvalue problem is self-adjoint and hence they have real eigenvalues and their
eigenfunctions form a complete orthogonal basis in L?(—x, z). Their eigenvalues are,
respectively, given by

M= = &)(k +)?, keNU{0}, A =(1 + e)k? , keN (5)

and the corresponding eigenfunctions are given by

1 1 1
X (x) = \/;cos cos (k + E) x, keNU {0}, X,,.(x) = J;Sin sin kx , keN
(6)

Lemma 1. The systems of functions (7) are complete and orthogonal in L? (—x, 7).
By applying the Fourier method, the solution u(x, t) of the problem (1)-(3) can be
expanded in a uniformly convergent series in term of eigenfunctions of the form

u(x,t) = Yizo  Uie(OX1e(D)+Xhz1 Uz (D) Xox (%) (7)
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The coefficients u,, (t), u,, (t) are to be found by making use of the orthogonality of
the eigenfunctions. Namely, we multiply (1) by the eigenfunctions of (6) and integrate
over (-, 7). Recall that the scalar product in L*(—x, =) is defined by (f, g) =
J© f(x)g(x)dx. Letusnote the

expansion coefficients of f(x, t) and ¢(x) in the eigenfunctions of (6) for 4> 1
respectively by

{(f (1), X1k (X)) = frie(£), (f (%, £), X2 (%)) = for (1), {(p(x, 1), X1 (x)) =
@1k (P(x, 1), X5 (X)) = @2

In view of (1) for (u(x, t), X1,(X)) = usx(t), (U(X, 1), X5, (X)) = u,k(t), we obtain the
Cauchy type problems

1
{u @+ A — ok + E)Zuuc(t) + q(Ou1(t) = fie(t), u1x (0)
= P1k, (8)

{war(®) + (1 + k?uy(t) + q(O)uzx () = for (), u2x(0)
= P2k, 9)
We consider the Cauchy problems (8) and (9). During the investigation of Cauchy
problems (8) and (9), we obtain an equivalent VVolterra integral equations of the second
kind:

— —-(1 - k 12 t 1 K 12,
Uy () =gy e~ 7O +J,  fu(@De A=) k+" (D gr —

1
i q@u(r)e @O gy, (10)
Up (1) = e~ A+ K 4 fot for(D)e~ @ +Ok =D gr
fy 4@z (r)e=C K EDgy (11)

For integral equations (10) and (1), the following holds:
Lemma 2. Let q(t)eC[0,T], f;x€C[0,T],i = 1,2. There holds the following estimate
forallke Nandte [0, T]:

llgll lall _,-(1-)k+p)2¢
u t S + [1f 1kl |C[0,’i‘] 8(1 — g)(k.'.%)ze(l — g)(k_,_%)z ’ 12
1k P1k (- ok+h?
2
llall lall -1+ e)k2¢
o (D)< n [/ 2kllcro,1] o+ OIZ (1 + )RZ° | 13
2k Parl T T ok

! 1
s DI farelleor+(lallcor + (1 — &)k +2)?)

[/ 1kllcro,1]

X<|(p1k| + (1- s)(k+%)2

llgll lall -1 - e)k+5)2t
>e(l—e)(k%)ze(l—s)(k%)z . (14)
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[uzi (D= I|f2k||C[O,T]+(||q”C[O,T] + (1 + e)k?)
”f ” ' |1ql| |1ql| —(1+£)k2
(12 + L2080) oo o (15)
Theoem 1. If q(t)eC[0,T] (Al)-(A2) are saisfied, then there exists a unique soltion
to the direct problem (1)-(3) u(x, t) € C*1(Q).

Lemma 3. If the condition (A1) then there are equalities
1 nr " 1 1
P1x= OTEE —i5 P1kr P2k™ k3 =P fue(®) =+ fiex (@), far () = p forx (1)
(16)

where

P13~ —f @""(x) sin sin (k + %) x dx, o= \/%f—nn 0" (x)

cos cos kx dx,

Frx(®)=— \ff (k+2)xax.

farex ()= ;f_nﬂ f(x,t) cos cos kx dx

with the following estimate:

Yier okl S N L, cnmy ket i O S LML, -y
Yier 02kl <o cnmy Zher faex O < WAL cam A7)
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