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Annotatsiya: Ushbu maqolada fazoda ikki tekislikning o‘zaro orientatsiyasini
trigonometrik invariantlar — sinus, kosinus va tangent asosida ifodalashning
umumiylashtirilgan modeli ishlab chigiladi. Tekisliklarning normal vektorlari orgali
hosil gilinadigan trigonometrik invariantlar burchakni aniglashda miqyosga va
koordinata almashtirishlariga nisbatan to‘liq invariant hisoblanadi. Yangi teorema
sifatida normal vektorlar orasidagi chordal masofa va trigonometrik invariantlar
o‘rtasidagi bir-biriga tengliklar tizimi isbotlanadi. Natijalar 3D geometriya, grafik
modellashtirish va fazoviy analizda qo‘llanilishi mumkin.

Kalit so‘zlar: tekislik, orientatsiya, trigonometrik invariant, normal vektor,
fazoviy burchak, yangi teorema.

OIIMCAHME B3ANMHOMN OPUEHTAIIMU IIJIOCKOCTEMH C
NMOMOIIBIO TPUTOHOMETPUYECKUX UHBAPUAHTOB

AnHoTamusi: B cratebe paspabaTeiBaeTcsi 000OMIEHHAS MOJENIb OMHCAHUS
B3aMMHOUM OPHMEHTAIMH JABYX IUIOCKOCTEH C MCTOJIb30BAHUEM TPUTOHOMETPHUYECCKUX
WHBApUAHTOB - CHHYyCa, KOCHHYyCa M TaHTeHCa. TPUTOHOMETPpUYECKHE WHBAPUAHTHI,
oOpa3oBaHHbIE HOPMAJILHBIMH BEKTOpPaMHU IUIOCKOCTEH, SBIISIOTCS TIOJHOCTBIO
WHBAPUAHTHBIMU OTHOCUTEJIPHO MACIITaOHBIX U KOOPJIMHATHBIX MpeoOpazoBaHuii. B
HOBOI TeopeMe [I0Ka3bIBAETCS COOTBETCTBHE MEXKIY XOPJaIbHBIM PAaCCTOSHUEM
HOPMAJIM30BaHHBIX HOpPMAaJIe U TPUTOHOMETPUYECKUMU HHBapHaHTaMu. Pe3yinbTaTh
npUTroAHbI st 3D-reomMeTprn U MPOCTPAHCTBEHHOTO MOJICITUPOBAHHUS.

KaroueBble  c¢joBa:  IJIOCKOCTh, OPHCHTANMS, TPUTOHOMETPHUCCKHUI
WHBApUAHT, HOPMAJIbHBIN BEKTOP, MPOCTPAHCTBEHHBIN yroJI, HOBas TeOpeMa.

DESCRIBING THE MUTUAL ORIENTATION OF PLANES USING
TRIGONOMETRIC INVARIANTS

Abstract: This paper develops a generalized representation of the mutual
orientation of two planes using trigonometric invariants—sine, cosine, and tangent.
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These invariants, obtained from the normal vectors of the planes, remain fully invariant
under scaling and coordinate transformations. A new theorem is presented establishing
the equivalence between the chordal distance of normalized normals and the
trigonometric invariants of plane—plane angles. Applications include 3D geometry,
computer graphics, and spatial modeling.

Keywords: plane, orientation, trigonometric invariant, normal vector, spatial
angle, new theorem.

1. KIRISH
Fazoda ikki tekislik orasidagi burchakni aniglash geometrik modellashtirish, uch
o‘lchamli grafik tizimlar, sirtlarni tahlil qilish, fizik simulyatsiya, kompyuter ko‘rish
kabi yo‘nalishlarda asosiy masalalardan biridir. Klassik formulalar odatda kosinus va
skalyar ko‘paytmaga tayansa-da, zamonaviy tahlil talablariga ko‘ra orientatsiya faqat
kosinus bilan emas, balki trigonometrik invariantlar to‘plami bilan ifodalanishi
kerak.
Ikki tekislik:
[;:Aix+B,y+Ciz+D; =0,
[I,:Ayx + B,y + Cz+ D, =0
normallari:
1y = (41, By, 1), 1, = (43, B, ;)
bo‘lib, orientatsiya faqat shular orasidagi burchakka bog‘liq. Ushbu burchakni
trigonometrik invariantlar yordamida ifodalash geometriyada koordinata va
miqgyosga nisbatan to‘liq invariant model yaratishga olib keladi.
2. METOD
2.1. Normal vektorlarning trigonometrik invariantlari
Normallar orasidagi burchak 6quyidagicha:
n, - n,
S TN TEAT
Shundan kelib chigib trigonometrik invariantlar:
I, =cosB,l; =sinf,I, = tan6.
2.2. Sinus invariantining vektorli formulasi
| 1y X 1, |
Il 7y 7y I
Bu ifoda orientatsiyaning “yonbosh siljish” komponentasini tasvirlaydi.
2.3. Tangens invariantining formulasi
| 7y X7, |

sin @ =

t 9= — —
g nl'nz

Bu invariant 3D orientatsiyada differensial burchaklarni tahlil gilishda muhim.
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3. NATIJA
Tekisliklarning orientatsiyasi uchta trigonometrik invariant orgali yakuniy
ko‘rinishda ifodalanadi:
My - 1,
Ic =T = S
I 7y 1yl
g x Al
AT
Ay x|l
TR -,
Bunday invariantlar: migyosga invariant (A7; uchun o‘zgarmaydi), koordinata
o‘zgarishlariga invariant (rotatsiyalar ostida saqlanadi), simmetrik, chizigli bo‘lmagan,

ammo to‘liq mos keluvchi.

Teorema.
Ikki tekislik normallarining normalizatsiyalangan ko‘rinishlari:
1y P
Q) =m0, Py ==
S A N A
orasidagi chordal masofa:
d=|l &; — D, |
bilan trigonometrik invariantlar o‘rtasida quyidagi tengliklar o‘rinli:
dv4 — d?
[ =——
2
d2
IC = 1 - 7
- dv4 — d?
to2-4a2
Bu tengliklar tekisliklar orientatsiyasini chord-geometrik invariantlar bilan to‘liq
bog‘laydi.
Isbot.
d? =|| &, — D, |1?=2 - 2(d; - D)
demak:
d2
Iczq)l'cbzzl_?.
Shuningdek, sin 8 = V1 — cos? 8qo‘llanadi:
dv4 —d?
I, ={1-(1-d?/2)?= —
Tangens:
- Iy dv4-—d?
UL 2—d?
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Teorema isbotlandi. m
5. MUHOKAMA
Bu yondashuv bir nechta ustunliklarga ega:
- Tekislik tenglamasi A # Oga ko‘paytirilsa ham orientatsiya invarianti
o‘zgarmaydi.
-Cross-product asosidagi sinus invariant kichik burchaklarda ancha bargaror.
o c0s 8— normal yo‘nalishlarning yaqinligi
o sin 8— yo‘nalishlarning perpendikulyarlik komponentasi
. tg 60— differensial orientatsiya nisbati
6. XULOSA
Magqolada tekisliklarning o‘zaro orientatsiyasini trigonometrik invariantlar
yordamida ifodalovchi umumiy model ishlab chiqgildi. Orientatsiya: cos @, sin @, tg6
invariantlari orgali aniglanib, chordal geometriya bilan bog‘landi. Yangi teorema
trigonometrik invariantlar va normalizatsiya gilingan normallar orasidagi masofaning
algebrik bog‘lanishini isbotladi.
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