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Anotatsiya

Ushbu maqolada egri chizigli integrallar tushunchasi, ularning turlari hamda ularni h
isoblash usullari bayon etilgan. Xususan, yopiq egri chiziglar bo‘yicha hisoblanadigan ikk
inchi tur egri chizigli integralni soddalashtirishda muhim ahamiyatga ega bo‘lgan Grin fo
rmulasi yoritilgan. Grin formulasining matematik mazmuni, qo‘llanish shartlari va amaliy
ahamiyati misollar orqali tushuntirilgan. Maqola matematik analiz fanini o‘rganayotgan t
alabalar uchun mo‘ljallangan. Maqolada Grin formulasining matematik ifodasi, qo‘llanish
shartlari hamda nazariy asoslari izchil bayon etilgan. Formula yordamida egri chizigli inte
gralni shu chiziq bilan chegaralangan soha bo‘yicha ikki karrali integralga o‘tkazish imko
niyati ochib berilgan. Bu yondashuv murakkab integrallarni hisoblashda qulaylik yaratib,
hisoblash jarayonini sezilarli darajada soddalashtiradi. Shuningdek, Grin formulasining fi
zika va mexanika fanlaridagi amaliy qo‘llanilishi, xususan, ish, aylanish momenti va vekt
or maydonlarning xususiyatlarini aniqlashdagi ahamiyati ko‘rsatib o‘tilgan. Nazariy tushu
nchalar aniq misollar orqali mustahkamlangan bo‘lib, bu o‘quvchilarning mavzuni chuqur
roq anglashiga xizmat giladi.Ushbu maqola matematik analiz fanini o‘rganayotgan oliy ta
’lim muassasalari talabalari, magistrantlar hamda ushbu yo‘nalishga qiziquvchi o‘qituvch
ilar uchun mo‘ljallangan bo‘lib, egri chiziqli integrallar va Grin formulasini o‘zlashtirishd

a nazariy va amaliy manba sifatida xizmat gilishi mumkin.

86-son 1-to’plam Dekabr-2025 Sahifa: 310



g Ustozlar uchun pedagoglar.org

AHHOTALUA

B nanHOI cTaThe paccMaTpUBAETCS MOHATUE KPUBOJIMHEWHBIX HHTETPAJIOB, UX BUJIBI,
a TaKKe METOJIbl MX BBIYMCIIECHHUS. B dacTHOCTH, ocBelieHa Gopmyna I'puna, KoTopas
MMEET Ba)XHOE 3HAYEHHWE JJISl YOPOLUEHUS BBIUYMCIEHUS KPHUBOJMWHEWHOIO HMHTErpaia
BTOPOTO poJa IO 3aMKHYTHIM KpuUBBIM. MartemaTuueckuil cmbica (opmynsl ['puHa,
ycIIoBHs €€ IPUMEHEHHUS U NPaKTU4ecKasi 3HAaUMMOCTh 00bACHEHBI Ha npuMepax. CtaThs
npenHa3HayeHa JUisi CTYJEHTOB, HW3YyYalOIIUX MaTeMaTtudeckuil ananu3.B paGote
HOAPOOHO H3JI0KEHO MaTeMaTHYecKoe BblpaxkeHHe Qopmyiasl ['puna, ycimoBus eé
NPUMEHEHUA M TeopeThudeckue OCHOBBL. C momomipio (GopMylbl KPUBOJWHEHHBIN
MHTErpajl MOXKHO MpeoOpa3oBaTh B JABOMHOW HWHTErpaid mo oO0JacTH, OTpaHUYEHHOU
KpUBOMl. DTOT moaxoj oOJeryaeT BBIUMCICHHE CIIOKHBIX MHTETPAJIOB U 3HAUYUTEIBHO
YIPOILAET MpOUECC BhIYMCIeHn. KpoMe Toro, paccMOTpeHO IMPaKTUYECKOE TPUMEHEHHE
¢opmyiibl 'puHa B pu3MKe 1 MEXaHUKE, B YACTHOCTH, IIPU BBIYUCIEHUN pabOThl, MOMEHTA
CWJI U U3YYEHUU CBOMCTB BEKTOPHBIX MoJIeH. TeopeTnueckue NnoI0KEeHHUs MOAKPEIICHBI
KOHKPETHBIMU TMPUMEpPaMHU, YTO CHOCOOCTBYET 0Ooiiee IiayOOKOMY MOHUMAHHUIO TEMBI
ydamuMucs.JlaHHass cTaTes NpeJHa3HA4YeHa Ul CTYJECHTOB M MAaruCTPaHTOB BBICIIHAX
y4eOHBIX 3aBeICHUH, a TAKXKe IS TIpernogaBarTesieid, THTEPECYIOLIUXCS JaHHOM 00J1acThIO,
Y MOXKET CIIY’KUTbh KaK TEOPETHUYECKUM, TaK U MPAKTUYECKUM HUCTOYHUKOM JJIsI OCBOCHHUS

KPUBOJUHEHHBIX UHTErPasioB U ¢opmMyibl [ prHa.

Abstract

This article discusses the concept of line integrals, their types, and methods for
calculating them. In particular, the Green’s theorem is highlighted, which plays an
important role in simplifying the computation of second-type line integrals over closed
curves. The mathematical meaning of Green’s theorem, its conditions of applicability, and
practical significance are explained through examples. The article is intended for students
studying mathematical analysis.The mathematical expression of Green’s theorem, the
conditions for its application, and its theoretical foundations are presented in detail. Using
the theorem, a line integral can be converted into a double integral over the region bounded
by the curve. This approach facilitates the computation of complex integrals and

significantly simplifies the calculation process.Additionally, the practical applications of
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Green’s theorem in physics and mechanics are discussed, including the computation of
work, moments, and the analysis of vector field properties. Theoretical concepts are
reinforced with specific examples, which help students gain a deeper understanding of the
topic.This article is intended for undergraduate and graduate students in higher education
institutions, as well as for instructors interested in this field, and can serve as both a

theoretical and practical resource for mastering line integrals and Green’s theorem.

Kalit.so‘zlar: Egri chizigli integral, birinchi tur integral, ikkinchi tur integral, yopiq
egri chiziq, ochiq egri chizig, ikki karrali integral, Grin formulasi, vektor maydon,
matematik analiz, integral hisoblash, geometrik interpretatsiya, fizik kattaliklar, ish va
aylanish momenti, maydon integrali, matematik nazariya, amaliy masalalar, integralni
soddalashtirish, hisoblash usullari. Egri chiziqgli integralning ayrim turlarini to‘g‘ridan-
to‘g‘ri hisoblash murakkab bo‘lishi mumkin. Shu sababli ularni ikki karrali integralga

o‘tkazib hisoblash imkonini beruvchi Grin formulasi katta ahamiyatga ega

KuiroueBrble ¢j10Ba: KpUBOJMHEHHBIN HHTErpaJl, HHTETpal IIEPBOTO pOJAA, UHTErpajl
BTOPOr0 POJa, 3aMKHYyTasi KpHBas, pa30MKHYTasi KpuBas, ABOWHOW MHTErpai, (popmyia
I'puHa, BEKTOpPHOE TmMOJIe, MAaTEMAaTUYECKUN AHAJIN3, BBIYMCICHUE HWHTErPAIIOB,
reoMeTpuyeckas HHTEeprpeTanus, (QU3n4yeckue BEJIWYMHBI, paboTa W MOMEHT CHI,
MHTErpall 1Mo 00JIacTh, MaTeMaTH4ecKass TEeOpHs, MPaKTUYECKHE 3aJadyH, YNpPOIICHHUE

HHTCTPAIOB, MCTOIbI BBIYKCJICHUH.

HexoTopbie BUIbI KPUBOJUHEUHBIX UHTETPATIOB MOTYT OBITh CJIOXHBI JJIsI IPSIMOTO
Bbruncienus. [lortomy dopmyna ['puna, mo3Bosisitoniasi mpeoOpa3oBaTh WX B JIBOWHOMN

MHTErpajl, UMEEeT O0JIbIIOE 3HAUCHHUE.

Keywords: line integral, first-type integral, second-type integral, closed curve, open
curve, double integral, Green’s theorem, vector field, mathematical analysis, integral
calculation, geometric interpretation, physical quantities, work and moment, area integral,
mathematical theory, practical problems, integral simplification, calculation

methods.Some types of line integrals can be difficult to compute directly. Therefore,
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Green’s theorem, which allows converting them into a double integral, is of great

Importance.

Asosiy gism

1. Egri chizigli integral tushunchasi

Egri chizigli integral matematik analizda ko‘p qo‘llaniladigan integral turidir. Agar
tekislikdagi LLL egri chiziq bo‘ylab funksiya yoki vektor maydon bo‘yicha integral
olinadigan bo‘lsa, uni egri chiziqli integral deyiladi. Egri chiziqgli integrallar quyidagi ikki
turga bo‘linadi:

1. Birinchi tur egri chizigli integralAgar egri chiziq bo‘ylab skalyar funksiya

integrallansa, birinchi tur egri chiziqli integral hosil bo‘ladi:

/ f(z,y) ds

Bu yerda dsdsds — egri chiziq bo‘ylab infinitesimal element, f(X,y)f(X,y)f(X,y) —
skalyar funksiya. Birinchi tur integral ko‘pincha egri chiziq uzunligi bilan bog‘liq fizik

kattaliklarni (masalan, massa, ish hajmi) hisoblashda qo‘llaniladi.
2. Ikkinchi tur egri chiziqgli integral

Ikkinchi tur integral esa vektor maydon bo‘ylab olingan integral sifatida ifodalanadi:

/P(.r.y)d.r + Q(x,y) dy
L

Bu integral fizikada ish, aylanish momenti yoki ogqim kabi kattaliklarni ifodalaydi.

Agar PPP va QQQ funksiyalari uzluksiz bo‘lsa, integral aniq hisoblanadi

2. Grin formulasi
Egri chizigli integrallarni hisoblashda ko‘pincha to‘g‘ridan-to‘g‘ri hisoblash
murakkab bo‘ladi. Shu sababli yopiq egri chiziq bo‘yicha ikkinchi tur integralni ikki karrali

integralga aylantirish imkonini beruvchi Grin formulasi ishlab chigilgan.
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1. Formulani ta’rifi Agar DDD — tekislikda yopiq, chizigli chegarasi LLL bo‘lgan
soha bo‘lsa va P(X,y)P(X,y)P(x,y), Q(X,y)Q(X,y)Q(X,y) funksiyalari DDD da uzluksiz

xususiy hosilalarga ega bo‘lsa, u holda:

][Pd;rﬁi—Qdy: // (% - ?)5) dr dy
D

L

Bu yerda $\oint$ — yopiq egri chiziq bo‘ylab integralni bildiradi.
2. Formulaning mazmuni va ahamiyati

Grin formulasi yopiq egri chiziq bo‘ylab olingan integralni shu chiziq bilan
chegaralangan maydon bo‘yicha ikki karrali integralga aylantiradi. Bu hisoblashni sezilarli

darajada soddalashtiradi va quyidagi afzalliklarni beradi:

Murakkab egri chizigli integrallarni soddalashtirish;

Fizik kattaliklarni (ish, aylanish, ogim) tez aniglash;
Vektor maydonlar xususiyatlarini tekshirishda qulay vosita.

3. Grin formulasining qo‘llanilishi

Misol 1: Aylana bo‘yicha integral
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Aytaylik, L — z* + y* = R? aylana va:

bo’lsa, u holda:
0Q P _
or Oy

Demak, Grin formulasiga ko'ra:

f( ydr + zdy) = /]2(Irdy:2-nR2

L D

Bu yerda integralni hisoblash oddiy ikki karrali integral orgali amalga oshirildi.

Misol 2: To‘g‘ri to‘rtburchak chegarali maydon

Agar D — [0, a] x [0, b] to'g'ri to'rtburchak soha va:

P(z,y) = zy, Q(z,y) = a°

bo'lsa, u holda:

aQ odP
—_———_——=2r -2 =2

ox Oy

b a
-') 1 l)
f.ryd.r+;r‘dyf//..rd.lrdy-—/ dy/ :cd.rfaa‘b
0 0
D

L

Shu bilan integral:

Bu misol Grin formulasining murakkab chegaralar bc W 1a ham go'llanilishini ko'rsatadi.

4. Nazariy va amaliy ahamiyati
Grin formulasi nafagat matematik analizda, balki fizikada va injenerlik hisoblashlarda

keng go‘llaniladi:

Elektromagnit maydonlarda ogim va aylanish momentlarini hisoblash;
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Suyugliklar mexanikasida maydon bo‘yicha ishni aniqlash;
Vektor maydon xususiyatlarini tahlil gilish.

Formulani o‘rganish talabalar uchun egri chiziqli integrallarni hisoblashda qulay

metodlarni o°‘rganish imkonini beradi, hisoblash jarayonini aniq va soddalashtiradi.

Xulosa

Ushbu maqolada egri chizigli integrallar tushunchasi, ularning turlari va hisoblash
usullari batafsil yoritildi. Birinchi tur egri chizigli integralning skalyar funksiyalar
bo‘yicha uzunlik bilan bog‘ligligi, ikkinchi tur egri chizigli integralning esa vektor
maydonlar bo‘yicha fizik kattaliklarni ifodalashi tushuntirildi.Alohida e’tibor Grin
formulasiga qaratildi. Grin formulasi yordamida yopiq egri chiziq bo‘yicha olingan
ikkinchi tur integralni shu chizig bilan chegaralangan maydon bo‘yicha ikki karrali
integralga aylantirish mumkinligi ko‘rsatildi. Bu hisoblashni sezilarli darajada
soddalashtiradi va murakkab chegaralar bilan ishlashda qulaylik yaratadi.Magolada
formulani qo‘llashning amaliy jihatlari, parametr orqali egri chizigni ifodalash usullari,
geometrik va fizik mazmuni, shuningdek, misollar orgali tushuntirishlar Kkeltirildi.
Natijada, egri chiziqli integrallar va Grin formulasi matematik analizning muhim bo‘limi
sifatida nafagat nazariy, balki amaliy masalalarni hal qilishda ham keng qo‘llanilishi
ko‘rsatildi.Ushbu maqola o‘quvchilar, talabalar va magistrantlar uchun egri chiziqli
integrallarni o‘rganish va Grin formulasini amaliy hisoblashlarda qo‘llash uchun qulay

manba bo‘lib xizmat qiladi.
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