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1-bosqich talabasi

Annotatsiya. Bu magola Teylor gatorini funksiyalarni lokal xususiyatlari orgali
global tavsiflash imkonini beruvchi, ham nazariy, ham amaliy jihatdan muhim matematik
vosita ekanligini ta'’kidlaydi. U hisoblash jarayonlarini soddalashtirish va funksiyalarning

xatti-harakatini tahlil gilish uchun asos yaratadi.

AOcTpakTHbIii. B gaHHOU crartbe yTBepKmaeTcs, 4To psan Teisiopa SBISETCS
BOXKHBIM MaT€MaTUYECKUM MHCTPYMEHTOM, KaK C TEOPETUYECKOM, TaK U C MPAKTUYECKON
TOYKHU 3PEHHUS, MO3BOJISIIONIUM TJI00abHO OMMCHIBATh (YHKIIMU 4Yepe3 UX JIOKAIbHBIC
cBoricTBa. OH CIy>KUT OCHOBOM JIJIs1 YIIPOILIEHHS BBIYUCIUTEIBHBIX IIPOLIECCOB U aHAIN3a

noBeAeHus! (QyHKIIHM.

Abstract. This article argues that the Taylor series is an important mathematical tool,
both theoretically and practically, that allows for the global description of functions in
terms of their local properties. It provides a basis for simplifying computational processes

and analyzing the behavior of functions.

Kalit sozlar. Teylor formulasining Lagranj ko'rinishdagi qoldiq hadi ,teylor
ko’phadi, Peano ko rinishdagi goldiq hadli Teylor formulasi, teylor formulasining Koshi

ko' rinishidagi goldiq hadi.
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Kiarouesbie ciaoBa. Ocrarounsni wien Gopmynsl Tedmopa B dopme Jlarpanxa,
ymMHOXKeHHe Teinopa, ocrarounsii uwien B (opme Ileano, dopmyna Teitnopa u

ocTaTOoYHbIN wieH ¢hopmyibl Teimopa B hopme Koru.

Key words. The residual term of the Taylor formula in Lagrange form, Taylor
multiplication, the residual term in Peano form, Taylor formula, and the residual term of

the Taylor formula in Cauchy form.

Teylor formulasi matematik analizning eng muhim formulalaridan biri bolib, ko plab

nazariy tatbiglarga ega. U tagribiy hisobning negizini tashkil giladi.

Teylor ko’phadi. Peano korinishdagi goldiq hadli Teylor formulasi. Ma lumki,
funksiyaning qiymatlarini hisoblash ma'nosida ko phadlar eng sodda funksiyalar
hisoblanadi. Shu sababli funksiyaning xo nugtadagi giymatini hisoblash uchun uni shu

nugta atrofida ko phad bilan almashtirish muammosi paydo bo"ladi.

Nugtada differensiallanuvchi funksiya ta'rifiga ko ra agar y=f(x) funksiya X, nugtada
differensiallanuvchi  bo'lsa, u holda uning shu nugtadagi orttirmasini
Af(xo)=F"(Xo) AX+0(A4X), yani

f(X)=f(Xo0)+f (Xo0)(X-X0)+0(X-Xo) ko'rinishda yozish mumkin. Boshgacha aytganda X,

nuqtada differensiallanuvchi y=f(x) funksiya uchun birinchi darajali

P1(X)=f(xo)+b1(x-Xo) ko phad mavjud bo'lib, x—X, da f(x)=P1(x)+0(x-Xo) boladi.
Shuningdek, bu ko'phad P1(Xo)=f(x0), P1 (Xo)=b=f (Xo) shartlarni ham ganoatlantiradi.
Endi umumiyrog masalani garaylik. Agar x=x, nugtaning biror atrofida aniglangan y=f(x)

funksiya shu nugtada f'(x), f"(x), ..., f®(x) hosilalarga ega bo"lsa, u holda
f(X)=Pn(x)+0(X-X0) (3.2)
shartni ganoatlantiradigan darajasi n dan katta bo’Imagan Pn(x) ko phad mavjudmi?
Bunday ko phadni P, (X)=bo+b1(X-Xo)+0b2(X-X0)?+ ... +bn(X-Xo)", (3.3)

ko rinishda izlaymiz. Noma'lum bo’lgan b, by, b2, ..., by koeffitsientlarni topishda
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Pn(X0)=f(X0), Pn"(Xo)=f"(X0), Pn"" (X0)=Ff""(X0), ..., Pn™(X0)=f™(Xo) (3.4)
shartlardan foydalanamiz. Avval P,(x) ko phadning hosilalarini topamiz:

Pn (X)=b1+2b2(X-Xo)+3b3(X-X0)?+ ... +nbn(X-Xo)™ 2,

Pn " (X)=2-1b+3 -2b3(X-X0)+ ... +n-(n-1)bn(X-X0)",

Pn " (X)=32-1bs+ ... +n-(n-1) (n-2)bn(X-X0)"3,

P.™(x)=n-(n-1)-(n-2)-...-2-1b.

Yugorida olingan tengliklar va (3.3) tenglikning har ikkala tomoniga x o rniga xo ni

go'yib barcha by, by, b, ..., b, koeffitsientlar giymatlarini topamiz:
Pn (Xo)=Ff"(X0)=by,

Pa®(x0)=f®(x0)=n(n-1)-... 2 1b,=nby

Bulardan bo=f(xo), b1=f"(x0), b2= %f“(xo), ..., b= %f(”)(xo) hosil gilamiz. Topilgan

natijalarni (3.3) qo yamiz va
Pa()= T0x0)+ (o) (xK0)+ 2 (a)(Xa)+ . + = 00 ()", (3.5)

ko rinishda ko phadni hosil gilamiz. Bu ko phad Teylor ko phadi deb ataladi.

Teylor ko'phadi (3.2) shartni ganoatlantirishini isbotlaymiz. Funksiya va Teylor
ko phadi ayirmasini R,(x) orgali belgilaymiz: Rn(X)=f(x)-Pn(x). (3.4) shartlardan
Rn(X0)=Rn"(Xo)=...= Rn™(X0)=0 bolishi kelib chigadi.

Endi Rn(X)=0((x-Xo)"), ya ni I'”Q, LX)EO ekanligini ko rsatamiz. Agar Xx—Xg

0

bo'lsa, lim % ifodaning 0/0 tipidagi anigmaslik ekanligini ko rish giyin emas. Unga
X=Xy X_XO

Lopital qoidasini n marta tatbiq gilamiz. U holda
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lim R“—(X)z lim L(X)—D: lim Rn(n_l)(x) —

0 (X=%)" o0 n(x=x%p)" =% nI(X—X,)
(n) (n)
= lim R, nI(X) S nfxo) =0, demak x—xo da Rn(X)=0((X-Xo)") o rinli ekan.

Shunday qilib, quyidagi teorema isbotlandi:
Teorema. Agar y=f(x) funksiya X, nuqgtaning biror atrofida n marta
differensiallanuvchi bo’lsa, u holda x—x, da quyidagi formula

f(X)= f(Xo)+ T (Xo)(X-Xo0)+ %f“(xo)(x-xo)2+ .t %f(”)(xo)(x-xo)”+o((x-xo)”) (3.6)

o rinli bo"ladi, bu yerda R,(X)=0((x-Xo)") Peano ko rinishidagi goldiqg had.

Agar (3.6) formulada x,=0 deb olsak, Teylor formulasining xususiy holi hosil bo"ladi:
f(x)=F(0)+ f (0)x+ %f“(O)x2+ ot %f(”)(O)x”+o(x”). (3.7)

Bu formula Makloren formulasi deb ataladi.

Teylor formulasining Lagranj ko'rinishdagi goldiq hadi. Teylor formulasi Rn(x)
goldig hadi yozilishining turli ko rinishlari mavjud. Biz uning Lagranj ko rinishi bilan

tanishamiz.

Qaralayotgan f(x) funksiya X, nuqta atrofida n+1 [Itartibli hosilaga ega bo'lsin deb

talab gilamiz va yangi g(x)=(x-Xo)"** funksiyani kiritamiz. Ravshanki,
9(%)=9"(x0)=...= g"(x0)=0; g™ (xo)=(n+1)!>0.

Ushbu Rn(X)=f(x)-Pn(x) va g(x)=(x-xo)™**! funksiyalarga Koshi teoremasini tatbiq
gilamiz. Bunda Rn(Xo)= Rn"(Xo)=...= Ra™M(x0)=0 etiborga olib, quyidagini topamiz:
Rn (X) — Rn (X)_ Rn (XO) — Rn I((':1) — Rn I((":1)_ Rn I(XO) — Rn "(CZ) = .
g 9g(¥)-g(x) 9(c) g')-g'(x) g'Cc,)

Rn(n)(cn) — Rn(n)(x)_ Rn(n) (XO) — I:an(m—l) (é)
9”c)  g”(0-9" (%) g™’
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bu yerda ¢; (Xo;X); C2€(X0;C1); ... ; Cne(X0;Cn1); E(Xo;Cn) = (Xo;X).
R.(¥) _ R"™(&)
g0 9™(S)
g(X)=(x-Xo)"t, g™ I(H=(n+1)!, R,"V(H=F"D(&) ekanligini e'tiborga olsak quyidagi

formulaga ega bo " lamiz:

Shunday qilib, biz ekanligini ko rsatdik, bu yerda &e(xo;x). Endi

(n+1)
(0= Tl o), £l (38)

Bu (3.8) formulani Teylor formulasining Lagranj ko rinishidagi qoldig hadi deb

ataladi.

Lagranj ko rinishdagi qoldiq hadni

f D (%, +O(X=X,)) (x

Ro(x)= (n+1)!

=)™ (3.9)
ko rinishda ham yozish mumkin, bu yerda @ birdan kichik bo’lgan musbat son, ya ni
O<el1.

Shunday qilib, f(x) funksiyaning Lagranj ko rinishidagi qoldig hadli Teylor formulasi
kuyidagi shaklda yoziladi:

f(x)=f(xo) +  (Xo)(X-X0) + %f“(xo)(x-xo)2 + ...

+ L) (xx0) + ) (i by yerda Ee(xo:X)
n! (n+1)! o e

Agar xo=0 bo’lsa, u holda &=xo+&(x-Xo)=6X, bu yerda 0<é<1, bo’lishi ravshan, shu

sababli Lagranj ko rinishidagi qoldiq hadli Makloren formulasi

f "D (QX) Xn+1

_ . 1 e o2 L fo(oyxn
fO=fO)+ FOx+ O+ ... + —fOOx+ (niD)!

(3.10)

shaklida yoziladi.

86-son 2-to’plam Dekabr-2025 Sahifa: 27



% Ustozlar uchun pedagoglar.org

Teylor formulasining Koshi ko rinishidagi goldiq hadi. Teylor formulasi goldiq
hadining boshga ko'rinishlariga misol tarigasida Koshi ko'rinishidagi qoldig hadni

keltirish mumkin. Buning uchun

R (02 LO=v06) F00©)
v '(c) n!

hadni chigarish mumkin.

c e (Xy;X) (3.11) ko'rinishdagi goldiq

Agar (3.11) formulada yAt) funksiya sifatida y(t)=x-t funksiya olinsa, natijada Koshi
shaklidagi qoldig hadni hosil gilamiz:

F" () n )
Rn(x):T(l—e) (X=X%)", c=x,+0(x-%,), 0<O<1
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