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Annotatsiya.Ushbu ilmiy maqolada chizigli algebra fanida muhim o‘rin tutuvchi
Kroneker—Kapelli teoremasining mazmuni, matematik asoslari va uning to‘liq isboti
bosgichma-bosqgich tahlil gilinadi. Teorema chiziqgli tenglamalar sistemasi yechimga ega
bo‘lishi uchun zarur va yetarli shartni, ya’ni asosiy koeffitsiyentlar matritsasi rangi bilan
ko‘paytirilgan matritsa rangi teng bo‘lishi kerakligini belgilaydi. Maqolada matritsa rangi,
chizigli bog‘liglik, vektorlarning span tushunchasi kabi asosiy nazariy elementlar
yoritilgan hamda ularning teoremadagi roli chugur yondashuvda izohlangan. Shuningdek,
sistema yechimining mavjudligi, yagona yechim holati va cheksiz ko‘p yechim
shakllarining shartlari aniglab beriladi. Teoremaning isboti nazariy jihatdan ishonchli
tarzda bayon etilib, misollar asosida amaliy qo‘llanilish ko‘rsatib beriladi. Mazkur magola
matematikani chuqur o‘rganayotgan talabalar, pedagoglar hamda chiziqli algebra bo‘yicha
ilmiy izlanish olib borayotgan tadgigotchilar uchun metodik va nazariy jihatdan foydali

ilmiy manba hisoblanadi.

Kalit so‘zlar:Kroneker—Kapelli teoremasi, chizigli tenglamalar sistemasi, matritsa
rangi, ko‘paytirilgan matritsa, chizigqli mustaqillik, chizigli bog‘liglik, asosiy matritsa,

algebraik yechim, vektor fazosi, span tushunchasi, yagona yechim sharti, cheksiz ko‘p
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yechim, garama-qarshi sistema, chizigli algebra, tenglamalar sistemasi isboti, matematik

asoslar, vektorlar kombinatsiyasi, rangning geometrik ma’nosi, algebraik tahlil metodlari.

Abstract. This scientific article analyzes the content, mathematical foundations and
complete proof of the Kronecker—Capelli theorem, which plays an important role in linear
algebra. The theorem defines a necessary and sufficient condition for a system of linear
equations to have a solution, namely, the matrix color multiplied by the color of the main
coefficients matrix must be equal. The article covers such basic theoretical elements as
matrix color, linear dependence, the concept of the span of vectors, and their role in the
theorem is explained in depth. It also defines the conditions for the existence of a system
solution, the state of a unique solution, and infinitely many solution forms. The proof of
the theorem is theoretically reliable and its practical application is shown on the basis of
examples. This article is a methodologically and theoretically useful scientific resource for

students, teachers, and researchers conducting scientific research in linear algebra.

Keywords: Kronecker—Capelli theorem, system of linear equations, matrix color,
multiplied matrix, linear independence, linear dependence, basic matrix, algebraic
solution, vector space, concept of span, unique solution condition, infinitely many
solutions, adversarial system, linear algebra, proof of a system of equations, mathematical
foundations, combination of vectors, geometric meaning of color, methods of algebraic

analysis.

AHHOTauus. B 1aHHONW Hay4yHOM CTaTh€ AHAIMU3UPYIOTCA  COJAEp KaHUE,
MaTeMaTUYeCKHE OCHOBBI M IIOJIHOE J0Ka3aTesbcTBO TeopeMbl Kponekepa—Kanennwy,
UTPAIOIIEH BaXXHYIO pOJb B JMHEHHOHN anreOpe. Teopema ompenenser HEOOXOIAUMOE U
JOCTAaTOYHOE YCJIOBUE CYIIECTBOBAHMS PEUICHUS CHCTEMbl JIMHEWHBIX YpaBHEHUMU, a
MMEHHO, PABEHCTBO I[BETOB MAaTPHUIbl, YMHOXCHHBIX Ha LBET MAaTPHULBbI TJIaBHBIX
ko3 duimeHToB. B crathe paccMaTpuBarOTCs TAKUE OCHOBHBIE TEOPETUYECKUE DIIEMEHTHI,
KaK LBET MaTpUIbl, JIMHEHHAs 3aBUCUMOCTD, MOHSATUE pa3Maxa BEKTOPOB, U MOJPOOHO
OOBSICHSIETCSI MX pOJIb B TeopeMe. Takke ONpeAesstoTCs YCIOBUSL CYILECTBOBAHUS
pELIeHUs] CUCTEMBI, COCTOSIHUE €AMHCTBEHHOCTH PEUICHUS U OECKOHEYHOE MHOMKECTBO

dbopm pemenuit. Jloka3aTeabCTBO TEOPEMBI TEOPETHYECKH JOCTOBEPHO, a €ro
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MMPAKTUYCCKOC TIPUMCHCHHC II0OKAa3aHO Ha IIpUMCpax. I[aHHaH CTaTbsa SABJIACTCA
MCTOAUYCCKHM MW TCOPCTHUYCCKH IIOJICBHBIM HAYYHBIM pPCCypCOM JIsI CTYACHTOB,
HpeHO,I[aBaTeJIeﬁ N HAYYHBIX COTPYIHHKOB, IIPOBOIAIIMNX HAYYHBIC HCCIICIOBAHUA B

00J1aCTH JIMHEWHOMU anreopsl.

Kurouesnble cioBa: TeopeMa Kponekepa—Kanennu, cucrema JTMHEHHBIX YpaBHEHUH,
IBET MATpHUIIbl, YMHOXXCHHasi MaTpulla, JUHEWHAas HE3aBUCUMOCTb, JIMHEIHAs
3aBUCUMOCTbh, 0a3UCcHasi MaTpulla, ajaredOpanvyeckoe perieHnue, BEKTOPHOE TPOCTPAHCTRO,
KOHIICTIIIHS TTPOMEKYTKA, YCIOBUE €IMHCTBEHHOCTH PEIIEHUs, 0ECKOHEYHOE MHOKECTBO
pelIeHul, cocTsd3aTeNnbHas CUCTEMa, JUHEHHas ainredpa, JOKa3aTelbCTBO CHCTEMBI
ypaBHEHUH, MaTEMaTUYECKHE OCHOBBI, KOMOMHAIIMS BEKTOPOB, TEOMETPUUECKOE 3HAUCHUE

oBE€Ta, MCTOAbBI anre6pa1/1qec1<oro aHaJiu3a.

Kirish.Chizigli algebra matematikaning eng asosiy va amaliy yo‘nalishlaridan biri
bo‘lib, uning asosiy tushunchalari — vektorlar, matritsalar, chizigli bog‘liglik va chizigli
tenglamalar sistemasi — ko‘plab fanlar va texnik sohalarda keng qo‘llaniladi. Aynigsa,
chizigli tenglamalar sistemasining yechimga ega bo‘lishi, yechimlar soni va ularning
mavjudlik shartlarini aniglash masalalari matematikaning nazariy hamda amaliy jihatlari
uchun juda muhim hisoblanadi. Ushbu jarayonda Kroneker—Kapelli teoremasi markaziy

o‘rinni egallaydi.

Kroneker—Kapelli teoremasi chizigli tenglamalar sistemasi yechimining mavjud yoki
mavjud emasligini matritsa rangi orgali aniglovchi fundamental natijadir. Teorema nafagat
sistemaning yechimga egalik shartini aniq belgilab beradi, balki yechimlarning tabiati —
yagona, cheksiz ko‘p yoki umuman mavjud emasligini ham aniglash imkonini yaratadi.
Shuning uchun ham ushbu teorema chizigli algebra kurslarida asosiy teoremalar gatorida
o‘gitiladi va ko‘plab ilmiy yo‘nalishlarning nazariy bazasini tashkil etadi.Mazkur
magolada Kroneker—Kapelli teoremasining mazmuni, matematik asoslari va uning to‘lig
ishoti batafsil yoritiladi. Teorema isbotining bosgichlari mantigiy asoslangan holda tahlil
gilinadi hamda matritsa rangi, chizigli bog‘liglik va vektorlar kombinatsiyasi kabi

tushunchalar bilan bog‘liq ravishda sharhlanadi. Shuningdek, teoremaning turli
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holatlardagi amaliy qo‘llanilishi real misollar asosida ko‘rsatilib, o‘quvchi uchun yanada

tushunarli va qulay ilmiy uslubda bayon etiladi.
Kroneker kapelli teoremasining isbotini o‘rganish

Lineyka algebra kursida eng muhim va eng ko‘p qo‘llaniladigan teoremalardan biri —
Kroneker-Kapelli teoremasi (ba’zi adabiyotlarda Rouché—Capelli teoremasi deb ham

yuritiladi).
U quyidagi savolga aniq va to‘liq javob beradi:
Berilgan lineyka tenglamalar tizimi gachon yechimga ega?

Bu savol oddiy ko‘rinadi, lekin uni to‘g‘ri hal gilmasak, ko‘plab xatolar (ayniqgsa,
murakkab tizimlarda) yuz beradi. Teorema nafagat yechim mavjudligini aniglaydi, balki
yechimlar to‘plamining tuzilishini ham to‘liq tasvirlaydi (yagona yechim yoki cheksiz ko‘p

yechim).
Teorema nomi ikki matematikdan kelib chiggan:
Leopold Kronecker (1823-1891)
Alfredo Capelli (1855-1910)

Kronecker rank tushunchasini chuqur o‘rgangan, Capelli esa bu natijani mustagqil

ravishda isbotlagan.
2. Asosiy tushunchalar (eslatma)
Teoremaga o‘tishdan oldin quyidagi atamalarni aniq eslab olish zarur:

Matritsa ranki — matritsaning chizigli mustaqil ustunlari (yoki satrlari) soni. Rank(A)

= r deyiladi.

Kengaytirilgan matritsa — [A|b] shaklida, ya’ni asosiy matritsaga erkin hadlar ustuni

qo‘shilgan matritsa.

Elementar o‘zgartirishlar (Gauss—Jordan usuli uchun):
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ikki satrni almashtirish
satrni noldan farqli songa ko‘paytirish
bir satrga boshqga satrning ko‘paytmasini qo‘shish

Bu o‘zgartirishlar matritsa rankini o‘zgartirmaydi va tizimning yechimliligiga ta’sir

gilmaydi.

Zina (echelon) ko‘rinishi — matritsada har bir satrning birinchi noldan fargli elementi

oldingi satrnikidan o‘ngroqda joylashgan holat.
3. Teorema bayoni (to‘liq shakli)
Kroneker-Kapelli teoremasi
AX = b lineyka tenglamalar tizimi (A — mxn matritsa, X € R, b € R™)
yechimga ega bo‘lishi uchun zarur va yetarli shart quyidagicha:
rank(A) = rank[A|b]

Bunda:Agar rank(A) = rank[A[b] = n bo‘lsa — tizimning yagona yechimi mavjud

(Cramer tizimi).

Agar rank(A) = rank[A|b] = r <n bo‘lsa — tizimning cheksiz ko‘p yechimi mavjud

(r ta erkin o‘zgaruvchi bo‘ladi).
Agar rank(A) < rank[A|b] bo‘lsa — tizim yechimga ega emas (qarama-garshilik).
Bu — teoremning eng to‘liq va eng kuchli shakli.
4. Isbot (eng aniq va batafsil varianti)
Isbotni ikki qismga bo‘lamiz:
= (zarur shart)

« (yetarli shart)
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4.1. Zarur shart: Agar tizim yechimga ega bo‘lsa, unda rank(A) = rank[A|b]

Faraz qilaylik, tizim yechimga ega, ya’ni xo € R* bor va A xo =b.

b vektorni A matritsasining ustunlari orgali chizigli kombinatsiya sifatida ifodalanadi:
b =xo1"A(;,1) + Xo2"A(:,2) + ... + Xon"A(:,n)

Demak, b vektori [A|b] matritsasining ustunlari orasida chiziqli bog‘liq bo‘ladi.

Shuning uchun [A|b] matritsasida yangi chiziqli mustaqil ustun paydo bo‘lmaydi —

uning ranki A matritsasining rankidan oshmaydi:
rank[A|b] <rank(A) + 1

Lekin yuqoridagi ifoda tufayli b ni A ustunlari bilan ifodalash mumkin — rank[A|b]
<rank(A)

Boshga tomondan esa [A|b] matritsasida A ning barcha ustunlari bor — rank[A|b] >

rank(A)
Demak, tenglik bo‘ladi: rank(A) = rank[A|b]
Zarur shart isbotlandi v/
4.2. Yetarli shart: Agar rank(A) = rank[A|b] bo‘lsa, tizim yechimga ega
Bu gism biroz murakkabroq. Biz Gauss usulidan foydalanamiz.

[A|b] kengaytirilgan matritsani elementar o‘zgartirishlar orqali zina ko‘rinishiga

keltiramiz (reduced row echelon form — rref ga yagin).

Elementar o‘zgartirishlar rank ni saglaydi, shuning uchun rank(A) = rank(rref(A)),
rank[A|b] = rank(rref[Alb])

rref([A|b]) matritsasida birinchi rank(A) ta satrda pivot (birinchi noldan fargli

element) bor. Qolgan satrlar nol satr bo‘lishi mumkin.
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Agar rank(A) = rank[A|b] bo‘lsa, demak, kengaytirilgan matritsada hech qanday satr
(00 ... 0] c) shaklida bo‘Imaydi, chunki bunda c # 0 bo‘lsa, rank[A|b] rank(A) dan katta
bo‘lardi.

Demak, barcha nol satrlarning o‘ng tomoni ham nol: (0 0 ... 0 | 0). Bu satrlar tizimga

hech ganday cheklov qo‘shmaydi.

Pivot ustunlardagi o‘zgaruvchilar asosiy (bog‘langan), qolganlari erkin o‘zgaruvchi

sifatida olinadi.

Har bir asosiy o‘zgaruvchini erkin o‘zgaruvchilar orqali ifodalab, umumiy yechimni

yozish mumekin.

Demak, yechim mavjud (agar erkin o‘zgaruvchi bo‘lmasa — yagona, bo‘lsa — cheksiz

ko‘p).
Yetarli shart ham isbotlandi v/
Teorema to‘liq isbotlandi.
5. Misollar orgali tushuntirish
Misol 1. Yagona yechim (rank =3 =n)
text2x +y—z=1
x—y+2z=3
X+y+z=4

[A|b] ni zina ko‘rinishiga keltirsak — 3 ta pivot — rank(A) = rank[A|b]=3 =n —
yagona yechim: x=1, y=1, z=2

Misol 2. Cheksiz ko‘p yechim (rank = 2 < 3)
X+y+z=3

2X+2y+22=6
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3Xx+3y+3z=9

Uchinchi tenglama birinchining 3 baravari — rank(A) = rank[A]b] =1 (!), =3 —

cheksiz ko‘p yechim (2 ta erkin o‘zgaruvchi)
Misol 3. Yechimsiz tizim
X+y=1
X+y=2
rank(A) = 1, rank[A|b] = 2 — yechim yo‘q

6. Teoremadan kelib chigadigan muhim xulosalar (talabalar tez-tez xato giladigan

joylar)

Determinant usuli fagat kvadrat matritsalar uchun ishlaydi. Kroneker-Kapelli esa

istalgan o‘lchamdagi tizimlar uchun.

Agar tizim kvadrat bo‘lib, det(A) # 0 bo‘lsa — avtomatik rank(A) = n — rank[A|b]

ham n bo‘lishi kerak — yagona yechim. Bu xususiy hol.

Eng ko‘p xato: “Agar rank(A) = n bo‘lsa, har doim yechim bor” deb o‘ylash. Yo‘q!
rank[A|b] ham n bo‘lishi kerak.

Gauss usuli bilan hisoblashda oxirgi satr (0 0 ... 0 | 5) chigsa — darhol yechim yo‘q

deb xulosa gilish mumkin.
7. Qo‘shimcha: Teoremani matritsalar tilida qayta ifodalash

Tizim yechimga ega < b vektori A matritsasining ustunlari hosil gilgan subspace
(Im(A) yoki Col(A)) da yotadi.

Ya’ni b € Col(A)
Bu — teoremning vektorli subspace tilidagi eng chiroyli ifodasi.

Xulosa
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Kroneker-Kapelli teoremasi lineyka tenglamalar tizimlarini o‘rganishda fundamental
natijadir. U nafaqat yechim mavjudligini, balki yechimlar to‘plamining aniq tuzilishini

ham beradi.

Teorema isboti oddiy, lekin chuqur: u matritsa rankining invariantligi va chizigli

bog‘liglik tushunchasiga asoslanadi.

Bu teoremaga to‘liq ishonch hosil qilish uchun har bir talaba o‘zi qo‘lda bir necha

o‘nlab misollarni Gauss usuli bilan yechib, ranklarni solishtirishi zarur.
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